GAGA FOR PROPER SCHEMES
OVER THE FARGUES-FONTAINE CURVE

ANIRUDDH VENKATESAN

ABSTRACT. We prove GAGA for proper schemes over the Fargues—Fontaine curve. Analyti-
fication gives an equivalence on pseudocoherent complexes and commutes with proper direct
images. This yields the coherent, bounded-derived, perfect, and vector-bundle comparisons
for Huber analytification.
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1. INTRODUCTION

1.1. GAGA and the relative problem. In this paper, we prove GAGA for every scheme
proper over the Fargues—Fontaine curve. Coherent sheaves on the schematic curve already
agree with coherent sheaves on its adic counterpart, and their cohomology agrees as well
[KL.19, Theorems 4.7.4-4.7.5]. We extend this comparison to proper schemes over the curve,
answering the relative question discussed in [Ked23, Ked24].

We will use the boundary-localization argument of [CS26, Theorem 13.10] in its nonar-
chimedean form [LH26, A.13-A.18]. The idea is to recover a complex on each affine open
from its direct image to the base. Proper finiteness makes this direct image accessible, and
full faithfulness recovers the action of the coordinate algebra. The affinoid comparison and
descent results are from [And21].

For classical GAGA, see [Ser56]. Proper GAGA over strongly noetherian Tate affinoids is
proved in [FK18, Theorem 11.9.5.1]; see also [Zav25, Lemmas 6.7 and 6.9]. Other approaches
to GAGA appear in [Hal22, Wan26].

1.2. The Fargues—Fontaine curve. Let E be a nonarchimedean local field with residue
field F,, and let I be a complete algebraically closed perfectoid field of characteristic p
containing F,. Write X = X}C}}E and X = X%?E, and let A : X — X be the comparison map
[FF18] [FS24, Section II.1]. The scheme X is a noetherian regular separated integral curve,
and the analytic period rings used below are strongly noetherian [KL19, Theorem 4.7.3].
We fix F and X throughout.

For F € Coh(X), our starting point is

A*: Coh(X) = Coh(X),
HY(X,F) S H(X,\*F)
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[KL19, Theorems 4.7.4-4.7.5]. A standard affine open of X means one from its Proj
presentation. All relative analytifications are taken over X. Since X is noetherian, every
proper X-scheme is of finite presentation [Stacks, Tags 01W1 and 01TX]; smoothness and
projectivity are not among our hypotheses.

1.3. Coefficient categories and realizations. We use cohomological indexing and regard
derived categories as stable co-categories. Write D.(7") for quasicoherent complexes and
D,(T) for pseudocoherent complexes. For noetherian 7", we have D,.(T) = D_, (T"). The
symbol Map denotes the mapping spectrum in a stable category, and the mapping space
when the category is not stable.

For an analytic stack Z, write Co(Z) for its presentable stable category of solid quasico-
herent complexes. Over a complete Tate Huber pair (R, R"), we use

Do(R, RY) = D((R, R")"),
Condg : D(R) — Dp(R, R™).

Here D denotes complete modules and Condpy, is condensification. For an ordinary ring B,
let Deona(B) be the derived category of condensed Byjs.-modules; a subscript conn denotes
its connective part.

For a separated finitely presented X-scheme T', write Tﬁlg, TE", and T3 for its algebraic
realization as an analytic stack, the analytic locus of that realization, and Huber analyti-
fication. Over V = Spa(R, RT) C A™Y(W), with W C X affine, we construct these from
Tr = T xx Spec R and glue as V varies. Properness gives T4" ~ T/f?lg [LH26, A.9-A.13].
Huber’s mapping property defines 7% [Hub94, Proposition 3.8].

Let DEC be the full subcategory of complexes that are nuclear and pseudocompact on
the charts in [LH26, A.15]. On a base affinoid, this is Condz(D,.(R)). We compute its
cohomology and truncations using these ordinary affinoid representatives. For proper
relative spaces, Section 6 identifies this convention with the coherent ¢-structure transported
through GAGA. The ambient category Cp is used for tensor products, descent, and colimits
[CS26, Section 12].

Appendix A recalls the definitions, and Appendix B proves the categorical and analytic
lemmas used below.

1.4. Main results. Let f:Y — X be proper. We prove that
ay : Dpe(Y) = DL (V™)
is an equivalence and that the canonical map
ax(RfM) — Rf M ay (M)

is an equivalence for M € D,.(Y) (Theorem 5.5). Passing to Huber analytification gives
the comparisons for coherent sheaves, bounded coherent complexes, perfect complexes, and
vector bundles, together with cohomology and proper direct images (Theorem 6.14).

The main calculatlon is the following. Let C' € DD (Y1) and choose an affine open

j U =Y for which ¢ = f o j is affine. Blow up the complement to obtain p : Y - Y, an

isomorphism over U, with effective Cartier boundary D. Put f fopand C = (pA)*C.
Theorem 5.2 gives

R/ C ~ colim RfM(C® Og(nD)).
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The transition maps are induced by the section of O(D). Proper finiteness makes every term
on the right pseudocoherent on X. We lift this sequence to a diagram M,(C) in Dp(X)
and obtain

RAEjAE*C ~ ay <co§m Mn(C)) .

*

The colimit, with this comparison, is natural in C' and independent of the boundary blowup.
It gives the underlying coefficients of the desired complex on U. We then lift the action of
¢+Op and check pseudocoherence by faithfully flat descent.

For this construction, we first prove that

ax . DqC<X) — CD(X)

is fully faithful, sends perfect complexes to compact objects, and has image closed under
colimits (Theorem 2.6). Proposition 2.10 identifies its pseudocoherent part. Applying ax
to module objects gives

ap : Dge(T) — Co(Ty'®)
fully faithfully for every separated finitely presented X-scheme T" (Proposition 3.7). Propo-

sition 4.10 then compares the analytic realization and its coefficient categories with Huber
analytification over a strongly noetherian Tate base.

1.5. Relation to the work Clausen—Scholze. Clausen—Scholze use their theory of
condensed mathematics to prove a much more general GAGA theorem than Serre’s classical
statement; we roughly follow their proof outline in this article. They first identify the
large algebraic and analytic coefficient categories using properness. They then recover
pseudocoherent objects by restricting to an affine open and writing its direct image as a
colimit of proper direct images of boundary twists. Their theorem applies to proper derived
schemes over a complex affinoid algebra [CS26, Theorems 7.2, 12.18, and 13.10]. We use
the Tate-base version of this argument from [LH26, A.13 and A.16-A.18].

Over (X, X), we need to lift the whole sequence to the schematic curve. The enhanced base
comparison supplies this lift and allows us to take its colimit. The affine module description
recovers the algebra action. GAGA over the affinoid charts then checks pseudocoherence
after a finite fpqc covering of schemes. Rational base change makes these constructions
compatible over the analytic base.

We begin with the curve in Section 2, then construct the relative realizations and prove
proper finiteness in Sections 3—4. The boundary calculation and GAGA are proved in
Section 5. Section 6 gives the ordinary coherent comparisons.
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organizers and other participants of the program for helping to foster a productive research
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thank Andrew Cheng, Sug Woo Shin, and Avi Zeff for discussions regarding this work.
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this manuscript for the sake of brainstorming, proofreading, and consistency-checking. No
part of the document was written by Al, and the author takes full responsibility for the
completeness and correctness of all of its content, mathematical and otherwise
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2. THE BASE CURVE AND ITS SOLID QUASICOHERENT CATEGORY

We first extend the comparison on the curve to quasicoherent complexes. The two-affinoid
cover gives the compactness needed for full faithfulness and the cohomological bound needed
for essential surjectivity on pseudocoherent objects.

2.1. A two-affinoid cover of the curve. We use the two-affinoid cover of [Ked17,
Remark 3.1.9]. Its intersection has two components, which we describe explicitly.

Let ) be the adic period-ring space, let 7 : Y — X = Y/©? be the quotient map, and let
rad : |Y| — (0, 00) be the radius function. Choose compatible pseudo-uniformizers wg and
wp. For a rational interval I = [a,b] C (0, 00), Fargues—Scholze [FS24, Definition I1.1.15]
define the rational affinoid

Vi={ze¥:|wp@) <|[@r(@) < |@p)|"} Crad™'(I),

and prove rad op = ¢ rad [FS24, Definition II.1.15 and Proposition I1.1.16]. Since ¢(wg) =
wg and ¢([wr|) = [wp]!, the same defining inequalities give ¢(Y;) = V,;. We can now
compute intersections directly from these inequalities.

Lemma 2.1. Let I = [a,b] and J = [c,d] be rational intervals in (0,00). Then

y[max(a,c), min(b,d)]» maX(a, C) < min(bv d)7
, max(a, c) > min(b, d).

yfﬂyJZ{

Moreover, for every n € Z, ©"(Vr) = Yyn1- In particular, disjoint intervals define disjoint
rational subspaces.

Proof. Intersecting the inequalities for I and J replaces their endpoints by max(a, ¢) and
min(b, d). These inequalities have no solution when the first endpoint exceeds the sec-
ond. Applying Frobenius multiplies both endpoints by ¢ [FS24, Definition 11.1.15 and
Proposition I1.1.16]; iteration gives the remaining assertion. U

Lemma 2.2. Let U C Y be an open analytic subspace satisfying U N @™(U) = @ for every
n € Z\ {0}. Then the restriction w|y : U — X is an open immersion.

Proof. The quotient by ¢?Z is analytic because the action is free and totally discontinuous
[F'S24, Definition II1.1.15 and Proposition I1.1.16]. The saturation of U is

v = J ") =[] ().
neZ neZz
It is open, and each of its orbits meets U once. Hence 7(U) is open and |U| — w(U) is a
homeomorphism. Using U as the fundamental domain also identifies the restricted quotient
groupoid with U = U. Descent of the analytic structure gives U ~ 7 (U). 0

Proposition 2.3. Choose rational numbers 1 < o' <a <b<lV <q. Put Iy =1[b/q,a] and
I =[dV], and let U = w(Yy,) and V = w(Y;,). Then 7 restricts to open immersions on
Vi, and Yr,, the two images cover X, and

UNY = Vg a T V-

In the second component one uses @ to identify the representative in Yy, with the interval
(b,V] C I1. Thus X has a cover by two affinoid opens whose intersection is a disjoint union
of two affinoids. Each overlap component is a rational subdomain of both covering opens.
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Proof. Both intervals have multiplicative width less than ¢:

a . a<
b/
E<q.

Their nontrivial Frobenius translates are disjoint. Lemmas 2.1 and 2.2 therefore give the
two open immersions.
Every orbit meets ) 4. We claim that

Vg = Yia U Ve U Vg-
Indeed, take x € Yp 4 outside the first and third terms, and put y = |[wwp|(z)|. The defining
inequalities give
b

wu@) < |@p@) <y < lwp@)" < [os@)]".

Thus x € V] ). Since

y[l,a] = yfo N y[LQ]’
Vg = ¢(Vr,) N Vg

and Vo y] = Vr,, the images cover X

To compute the intersection, use representatives in Vy,. Only YV, and ¢();,) meet this
annulus: for n < —1, the upper endpoint of ¢"I, is at most a/q < d/, and for n > 2, its
lower endpoint is at least ¢gb > b'. Lemma 2.1 now gives

yjl N y[O = y[a’,a}a
I Ne(Vr,) = V-

These are disjoint because a < b. Each inclusion is rational, being defined by the additional
interval inequalities. On the second component, use ¢! to obtain the inclusion into Y. O

2.2. A subordinate affinoid cover. Let RatAff x(&X') be the basis of strongly noetherian
rational affinoids V' C A™' (W), with W a standard affine open of X. This basis is stable
under rational localization, and its intersections have finite covers by members of the basis.

Choose a finite standard affine cover (W) of X. Refine each of ¢ and V by a finite
rational-affinoid cover subordinate to the opens A~'(T;). This gives

N
x=Jv
i=1

with V; € A1 (Wj(;)). We call this the subordinate cover. An intersection of its members
lying in the same original annulus is rational affinoid. For a mixed intersection, restrict to
the two components of &4 N). On each component, all the restrictions are rational, so their
intersection is rational affinoid. Thus every intersection is empty or a disjoint union of at
most two strongly noetherian affinoids. Each lies over a standard affine of X.

Both this cover and the original two-open cover satisfy Proposition B.6.

2.3. Flatness and the comparison functor.
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Lemma 2.4. Let W = Spec A C X be a standard affine open, and let V = Spa(R, R*) C
ALY W) be a strongly noetherian affinoid open. Then A — R is flat. Consequently, the
morphism of locally ringed spaces \ : X — X is flat on local rings.

Proof. By the ideal criterion, it suffices to check that I ® 4 R — R is injective for every
finitely generated ideal I C A.

Extend I to a coherent ideal J C Ox [Stacks, Section 28.23, especially Lemma 28.23.2].
Coherent GAGA is exact [KL19, Theorem 4.7.4], so \*J — Oy is injective. Restrict to V/
and take sections. The finite-module theorem [Zav25, Theorem 4.2] identifies the resulting
map with
Thus A — R is flat.

For x € V, the map R — Oy, is flat by [Zav25, Lemma 6.7], applied to the relative
analytification of Spec R. Composing with A — R and localizing at A(z) proves flatness on
local rings. 0

We now define ay : Dy(X) — Co(X). For M € Dy (X), W = SpecA C X, and
V = Spa(R, R") Cc \™}(W), put

o,y (M) = Condg (R @5 RO(W, M|w)).
This is independent of W. Indeed, if V' lies over W7 and W5, their intersection Wi5 = Spec A1
is affine, and quasicoherent restriction gives
A ®% RT(W;, M) ~ RT(Wip, M).

Tensoring with R identifies both definitions. For a rational inclusion V’ = Spa(R', R'") C V,
scalar-extension compatibility of condensification gives

awy (M)|y ~ Condp (R &% RI(W, M)).

All comparison maps are tensor-associativity maps, so they satisfy the identity, composition,
and higher coherences. Rational descent therefore gives ax (M), functorially in M, and the
local monoidal structures descend as well.

The local functors are exact and preserve filtered colimits [And21, Theorem 5.9 and
Lemma 5.10]. They consequently preserve coproducts, by expressing a coproduct as the
filtered colimit of its finite partial sums, and hence all small colimits. Colimits in the descent
category are computed locally, so ax has the same properties.

2.4. Enhanced full faithfulness.

Lemma 2.5. For every bounded coherent complex K on X, the natural maps
RIg(X,axK) — Rl (X, M K) +— RINX, K)

are equivalences.

Proof. For a coherent sheaf F, the second comparison is [KL19, Theorem 4.7.5]. To pass to
K € Db, (X), choose an interval [a, b] containing its cohomology and put K, = 7<, K. The

coh
Postnikov triangles are

K,y — K, — H'(K)[-r] — K,1][1].



GAGA OVER THE FARGUES-FONTAINE CURVE 7

Flatness of A makes pullback exact and compatible with these truncations. Applying
the algebraic and analytic section functors gives a map of exact triangles. The map on
H"(K)[—r] is an equivalence by coherent GAGA. Therefore the comparison for K,_; implies
the comparison for K,. Starting at K, 1 = 0 and ending at K}, = K proves the second map.

For the first map, use the subordinate cover from Section 2.2. On an affinoid component
V = Spa(R, RT) C A™}(W) of an intersection, with W = Spec A4, set

Kr=R&5RI'(W,K).
By Lemma 2.4, this has finite cohomology in [a, b]. Full faithfulness of condensification gives
RFD(V, COIldR KR) >~ MapD(R) (R, KR) ~ KR

[And21, Theorem 5.9]. Ordinary affinoid acyclicity gives the same answer for a finite module,
and the Postnikov induction above gives it for Kg.

Under a rational restriction R — R/, both identifications use Kz — R’ ®@% Kp. They
therefore agree on overlaps. Apply finite Mayer—Vietoris to this cover, using Proposition B.6
on the solid side and [Stacks, Tag 08BX]| on the ordinary side. The local equivalences give
the first comparison on X. O

Theorem 2.6. The functor ax : Dy (X) — Ca(X) is fully faithful. It sends perfect
complexes to compact objects, and its essential image s closed under arbitrary colimits.

Proof. Let P,Q € Perf(X). Duality and Lemma 2.5 give
Mape, vy (ax P, ax@) ~ RIg (X, ax(P' © Q))
~RI(X,PY ® Q) ~ Mapp,_ (x)(P, Q).
Thus the functor is fully faithful on perfect complexes. Moreover,
Map(axP, —) ~ RIo(X,ax(PY) ® —)

preserves filtered colimits by Proposition B.6. Hence ax P is compact.

Now use Dy (X) =~ Ind(Perf(X)) [Stacks, Theorem 36.15.3, Tag 09IS, and Proposi-
tion 36.17.1, Tag 09MO]. Full faithfulness on perfect complexes and compactness of their
images give full faithfulness of the colimit-preserving extension. This extension is ax.

Finally, full faithfulness lifts any diagram in the image to a diagram (M;) on X. Its
colimit is again in the image, since

colim ay (M;) =~ ax(colim M;).
U

2.5. A finite fpqc affinoid family. The coordinate rings of a finite affinoid cover of X
give the following fpqc morphism to X. We will use its schematic base changes to test
pseudocoherence.

Lemma 2.7. There are finitely many nonempty strongly noetherian rational affinoid opens
V; = Spa(R;, B) C X for 1 <i < m, and standard affine opens W; = Spec A; C X with
V; C A\"YW,), such that the induced morphism

s:ﬁSpecRi — X

=1
s fpqc.
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Proof. Choose a finite rational-affinoid cover (V;) of X subordinate to a finite standard affine
cover of X, and write V; C A™1(W;) with W; = Spec A4;. This is possible by Proposition 2.3.
Lemma 2.4 makes A; — R; flat. Since W; — X is affine, each Spec R; — X is affine and
flat.

We check surjectivity. Every nonempty V; has R; # 0. Flatness over the domain A; makes
R; torsion-free, so
FI‘&C(AZ‘) ®Ai Rz 7& 0.
A prime of this ring gives a point above the generic point of X.
For a closed point = € X, coherent GAGA sends the nonzero skyscraper k(z) to a nonzero

coherent sheaf [KL19, Theorem 4.7.4]. Its restriction to some V; is nonzero. Thus x € W}
and

A prime of this ring lies above x. Since X is an integral noetherian curve, these are all

its points. The finite disjoint union is therefore surjective, flat, and quasi-compact, as
required. 0

Put B = RatAffx(X') and Ry = I'(V, Oy ). Rational restriction gives the diagram
B — Catw,
Vi— DpC(Rv),

with transition functor M — Ry ®%V M for V! C V. Write Cartyeg Dpc(Ry) for its limit.
Concretely, an object is a family My € Dp.(Ry) with equivalences

0\//,\/ : Ry ®%V My, = My

For V" C V! C V, these satisty 0y~ y >~ Oy y0(1®6y 1) under tensor associativity, with the
unit and higher homotopies included. A morphism is a family of maps My — Ny commuting
with these identifications and homotopies. Each My is an ordinary pseudocoherent complex.

Proposition 2.8. For V = Spa(R, RT) € RatAff x(X), regard Dpe(R) as the full subcategory
of nuclear and pseudocompact objects of Do(R, RT) through condensification. Restriction
mduces an equivalence

DEC(X) ;> CartveRatAffX(X) DpC(R).

The resulting full subcategory of Co(X) is independent of the rational basis and of the
bounded-chart presentations.

Proof. On V = Spa(R, R"), the affinoid comparison gives
Condp, : Dye(R) = D (V) C Do(R, R")
[And21, Theorem 5.50] [LH26, A.15]. For a rational inclusion u : V' < V| we have
u* Condg(M) ~ Condg (R &5 M)

[And21, Lemma 5.10]. Scalar extension preserves pseudocoherence, and these maps agree

under composition. Thus condensification identifies the two diagrams of local categories.
Take their limits. Proposition B.1 identifies the ambient limit with Co(X'). A cartesian

section in the displayed full subcategories descends there, and its restrictions place it in
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D.(X). Conversely, every object of Dy, (X) restricts to such a section. The same limit
identifies maps, proving the equivalence.

Different rational bases admit common covering refinements. Pseudocoherent descent
[And21, Theorem 5.3] compares the resulting diagrams, since the strongly noetherian
pairs are sheafy. On every affinoid, the full subcategory is intrinsically Condg(D,c(R)),
so changing the bounded-chart presentation gives that same subcategory. This proves
independence of the choices. U

Lemma 2.9. Let () € DEC(X) and suppose that all its ordinary affinoid representatives
have cohomology in degrees < m. For a vector bundle E on X, put EA" = axE. Then, for
every 1 >m+ 1,

H'RT(X,(E*)Y @ Q) = 0.
Proof. Use X = U UV from Proposition 2.3. On each of the two covering affinoids and
each overlap component W = Spa(B,B"), let Qw € D,.(B) represent Q|w. Such a
representative exists by rational pseudocoherent descent: cover W by subordinate rational

charts and apply [And21, Theorem 5.3]. Flat restriction gives Qyu € D="(B).
The bundle (E“")Y|y is represented by a finite projective module Eyj,. Hence

RI (W, (EA")Y Q) ~ By, % Qw € D™

[And21, Theorem 5.9 and Lemma 5.10]. By Lemma B.5, the global section complex is the
fiber of the map from sections on U and V to sections on their intersection. Both terms are
in D™, so the fiber is in D™, O

We can now algebraize a pseudocoherent object. We will successively remove its highest
cohomology sheaf using vector bundles, then take the colimit of the resulting perfect
approximations.

Proposition 2.10. The pseudocoherent subcategory DEC(X ) carries the t-structure obtained
by rational descent from ordinary pseudocoherent complexes on the strongly noetherian
affinoid charts. Analytification restricts to a t-exact equivalence

ax : Dpe(X) — Do (X).

Proof. For C € D (X), write Cy € Dyc(R) for its representative on V' = Spa(R, R*).
Define

DEC(X)SO = {C: Oy € Dp(R)=° for every V},
DEC(X)ZO = {C: Oy € Dy(R)=° for every V}.

Rational localizations are flat. Thus ordinary truncations commute with restriction, and
the triangles
TSOCV — Cy — 721(]‘/

form cartesian sections. Their compatibility under composition follows from the universal
property of truncation. Proposition 2.8 descends these triangles. Orthogonality follows by
taking the limit of the local mapping spaces, which are contractible in the required degrees.
This gives the asserted t-structure [LH26, A.15] [And21, Theorems 5.44 and 5.50]. Its heart
is Coh(X), by finite-module descent.

On a subordinate chart, ax is flat scalar extension followed by condensification. It there-
fore preserves pseudocoherence and is t-exact. Theorem 2.6 already gives full faithfulness.
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Let C' € D} (X). A finite affinoid cover gives a common upper bound b for its cohomology.
We will approximate C' by perfect complexes, removing one cohomology sheaf at a time.

First take Q € D} (X)=". The curve X has the resolution property: it is quasi-compact
and regular with affine diagonal [Stacks, Tag OF8A]. Coherent GAGA therefore supplies a
vector bundle £ on X and a surjection

Y H(Q).
Put F' = 7,,-1Q and consider
F— Q — H™(Q)[-m] — F[1].
The obstruction to lifting the surjection to EAM—m] — @ lies in
Hom(E*"[—m], F[1]) = H""'RI (X, (E*")Y @ F) =0

by Lemma 2.9. A lift therefore exists, and its cofiber belongs to Dy, (X)="™"".
Start with Ag =0 — C' and @y = C. Suppose that A,, — C' has perfect algebraic source
and cofiber @,, € D (X)=""". The preceding construction gives

Fo = ax(En)[=(0—n)] — Qn
surjective on H*™. Define A, by
An+1 — Fn

| !

C — Q.
Then

A, — Ay — B,
App1 — C — Quia

are cofiber sequences, with Q41 € Dj(X)=""""!. The connecting map F, — A,[1] lifts by
full faithfulness, so A, 1 again has a perfect algebraic preimage. Taking the pullbacks over
C' gives a sequential diagram. Lemma B.2 lifts it to P, in Perf(X).

Set M = colim,, P,. Since ax preserves colimits, the cofiber of ax (M) — C' is colim,, Q.
On any rational affinoid V = Spa(R, R"), lift the latter sequence to ordinary complexes
Qnyv € DS7"(R). For each fixed j, we have

H(colim Q,, ) = colim H’(Q,,v) = 0.

Indeed, the terms vanish for large n, and filtered colimits of modules are exact. Condensifi-
cation preserves this colimit [And21, Theorem 5.9], so (colim, @,)|y = 0. Rational descent
now gives ax (M) ~ C.

It remains to show that M is pseudocoherent. Pull back along the fpqc morphism
s : ][, Spec R; = X of Lemma 2.7. On V;, the comparison reads

Condg, (Ls; M) ~ C|y;, ~ Condg, (FP;)
for some P; € Dyc(R;). Full faithfulness gives Ls} M ~ P,. Over an affine W = Spec A C X,

the base change of s is a finite affine fpqc family and hence a single faithfully flat map A — A’,
using the product of its coordinate rings. The pullback of M|y to A’ is pseudocoherent.
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Faithfully flat descent [Stacks, Tag 068R] gives M|y € Dyc(A). This proves essential
surjectivity and the proposition. ([l

3. RELATIVE REALIZATIONS AND RELATIVE FULL FAITHFULNESS

For a scheme over X, we construct the realizations on the affinoid charts of X. On
an affine morphism, the comparison is simply ax applied to modules over the coordinate
algebra. Zariski descent then gives the functor on the whole scheme.

3.1. Relative algebraic and analytic realizations. We use the basis B = RatAff y (X))
from Section 2.2.

Let T be a separated finitely presented X-scheme. Choose an affinoid V' = Spa(R, R") C
X whose image is contained in an affine W = Spec A C X, and set Ty = T X x Spec R.
The construction of [LH26, Theorem A.13] gives the algebraic realization (Tg)*# over
(Spec R)A# and its analytic locus (Tg)*" over V = (Spec R)*". Define locally

(Te®)lv = (Tr)™E X (spec Ryais V.
(Te™)|v = (Tr)™.

Lemma 3.1. Let u : V' = Spa(R', R"") — V = Spa(R, R") be a rational localization
between members of RatAff x(X). For every separated finitely presented X -scheme T', there
are natural equivalences

u* ((Tr)™M X (spec e V) = (T )™ X spec rryis V',
u*(TR)An >~ (TR/)AH.

They are functorial in T, compatible with Zariski restriction, and satisfy the identity and
composition cocycles for chains of rational localizations.

Proof. The scheme T = T X x Spec R is intrinsic to the map Spec R — X. Two affine neigh-
borhoods used to describe that map have an affine intersection, on which the descriptions
agree.

If Tr = Spec B, the algebraic comparison is Lemma B.9(i) after applying AnSpec, and
the analytic comparison is part (iii). For general Tg, choose a finite affine cover (7). Its
intersections are affine since Ty is separated. By [LH26, Theorem A.13],

(Tr)™e ~ cohm H To..an )M,

]eAOP
aO: 7(177,)
(Tr)*" ~ colim (Tgoa )™
[n]eAop )
AQ,yeeesam

Pullback in the slice topos preserves colimits. We can therefore apply the affine comparisons
to this diagram and take its realization. The maps commute with the face and degeneracy
maps, so their functoriality and composition compatibilities pass to the realization. A
common affine refinement compares different covers. O

Proposition 3.2. Let T' be a separated finitely presented X-scheme. The local algebraic
and analytic realizations just defined glue to analytic stacks over X, denoted Tﬁlg and T4".
The construction is functorial in T, commutes with rational open base change on X, and is
compatible with Zariski descent in T. If T < X is an open immersion, T4™ identifies with
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the analytic open \~Y(T) C X. The local analytic-locus maps glue to a natural morphism
i —s T)’?lg, which s an isomorphism when T — X is proper.

Proof. Lemma 3.1 gives compatible pullback identifications for
Vi— (TR)Alg X(SpeCR)Alg V,
Vi— (TR)AH.

Descent for analytic stacks glues these to the required realizations. Applying descent to
their maps gives functoriality in 7', and the Zariski gluing in [LH26, Theorem A.13] gives
compatibility with a Zariski cover of T

For an open T' C X, each analytic realization is the inverse-image open, so the global
realization is A™}(T"). The map T4" — T/@lg is obtained in the same way: on affines use
the bounded-locus map of [LH26, A.11-A.13], then glue over a Zariski cover and over the
rational base charts. Lemma B.9 gives the required compatibility.

If T"— X is proper, every Tr — Spec R is proper. The local analytic-locus map is then
an equivalence by [LH26, Theorem A.13]. It follows by descent that the global map is an
equivalence. O

For the relative space, set Tr = T X x Spec R and Pr(V) = D5 ((Tk)*"). Each value is a
category on the whole space above V', with nuclearity and pseudocompactness tested on
the bounded charts of [LH26, A.15]. For a rational inclusion u : V' < V| Lemma 3.1 gives
the pullback u : Pr(V) — Pr(V’); on analytic affines this is completed derived scalar
extension.

We write Cartyep Pr(V) for the limit. Concretely, its objects are families Cy € Pr(V)
with pullback equivalences u5.Cy ~ Cly, unit and composition homotopies, and their higher
compatibilities. Its maps are families of maps commuting with this data. Each Cy is an
object on the entire analytic space (Tg)"".

Proposition 3.3. Let T be a separated finitely presented X -scheme. Restriction induces
an equivalence

Dpe(T%") = Cartyeratattx (x) Dpe((TR)™).
The transition functors are the rational pullbacks of Lemma 3.1. This description is

independent of the rational basis and of all bounded-chart presentations. If T is proper, the
same description s transported to Tﬁlg through the analytic-locus equivalence.

Proof. We first check the transition functors. For scalar extension F': D(A) — D(A'), let G
be restriction of scalars. It preserves direct sums and is left t-exact in our cohomological
convention [Sch26a, Proposition 12.4, Remark 12.5, and Proposition 12.6]. Thus, for M
pseudocompact and (N,) uniformly bounded below,

Map(F M, N,) ~ Map(M, H GN,)
~ @ Map(M, GN,) ~ @ Map(FM, N,).

This proves pseudocompactness of FM by [LH26, A.5]. Scalar extension also preserves
nuclear objects: it is strong symmetric monoidal, preserves colimits, and takes trace-class
presentations to trace-class presentations [LH26, A.4]. Its compact-object preservation
follows because G preserves filtered colimits.
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Fix V = Spa(R, R") and an affine intersection Spec B in a finite Zariski cover of Tk.
Choose generators of B. The universal bounded charts used for pseudocompactness commute
with rational base change by Lemma B.9, so the preceding argument applies to them.

For nuclearity, the second chart system in [LH26, A.15] uses the analytic ring Qg induced
along

R — }%<7H,.. '711n>

[LH26, A.10]. The continuous map of Tate algebras for R — R’ induces Qp — Qg Indeed,
a complete Qp-module is complete over (R, R"")", hence over (R, R*)"; the induced-
structure criterion then makes its restriction Qg-complete [Sch26a, Proposition 12.8] [LH26,
A.3]. Combining this map with algebraic base change gives a map of the pushouts defining
the nuclearity charts. The construction also applies to the scaled generators @w”b;. Pullback
on these charts preserves nuclearity by the affine argument above.

The two finiteness conditions descend over these charts [LH26, A.15]. They also descend
over the Zariski cover, whose realization is a cover by cohomologically étale steady localiza-
tions [LH26, Theorem A.13]. Proposition B.1 therefore gives pullback functors on Pr(V).
The affine base-change maps commute with restriction, and associativity of the pushouts
gives their coherent composition. We obtain the diagram Pr : B® — Cat,.

Now take the limit. Rational descent gives

Co(Tx") = lim Co((Tw)™).

A cartesian section in the pseudocoherent subcategories descends in these ambient categories.
Its local restrictions are nuclear and pseudocompact, so the descended object belongs to
DEC(T 1), Conversely, any object of this category gives such a section. The same descent
identifies the mapping spaces.

Common rational and Zariski refinements compare choices of covers. Independence of
the bounded presentations follows from descent for the two finiteness conditions, with the
pullback compatibility just proved. For proper 7', Proposition 3.2 identifies the analytic
and algebraic realizations over every chart, giving the last assertion. 0

Lemma 3.4. Let T be a separated finitely presented X -scheme and let (U;);cr be a finite
Zariski open cover. Put U; =U,N---NU,,. Restriction induces canonical equivalences

0---In

Dye(T) =~ [lelénA H Dye(Uig...in )
(io,...,in)EI"+l

Algy o 1: Alg
Co(Ty®) ~ [}LﬁglA | H CD(Uio...inX>'
(104 nyin ) €I

The relative comparison functors form a natural transformation between these cosimpli-
cial diagrams. Degreewise full faithfulness, equivalence, or colimit preservation therefore
descends to the two limits. Symmetric monoidal structures, module objects, and pullback
transformations descend through the same diagrams.

Proof. The first formula is Zariski descent for quasicoherent complexes. By [LH26, Theo-
rem A.13], the algebraic realization is the geometric realization of the corresponding simplicial
diagram. Lemma 3.1 preserves that diagram under rational base change. Proposition B.1
now turns its realization into the second displayed limit.
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The comparison functors commute with the restriction maps. Apply Lemma B.2 to obtain
full faithfulness, equivalence, or colimit preservation as appropriate. The tensor structures
and module objects are computed in the same limits by Proposition B.1. ([l

3.2. Ordinary relative Huber analytification. Huber’s mapping property gives the
ordinary relative analytification and its compatibility with the base charts.

Proposition 3.5. Let T be a finitely presented X-scheme. For V. = Spa(R, R"), put
Tr =T xx Spec R. The local relative Huber analytifications

(TR)ad/V —V

glue canonically to a locally strongly noetherian adic space TS over X, equipped with a
morphism of locally ringed spaces ¢y : T3 — T. The construction commutes with rational
base change on X and Zariski gluing in T. If T — X is proper, then T3 — X is proper.

Proof. For V = Spa(R, RT) € RatAffx(X), use Huber’s mapping property to form (T)*d/"
[Hub94, Proposition 3.8|. For a rational V' = Spa(R’, R'*) C V, that property gives

(TR)ad/V Xy 74 :> (TR/)ad/V/.

For successive restrictions, the two composites represent the same identity transformation
and therefore agree.

Choose a rational-affinoid cover (V;) of X. On an overlap, use common rational refinements
to identify the two analytifications. Uniqueness makes these identifications agree on further
refinements and triple overlaps. They glue the adic spaces and their maps to T', giving 73
and cp. The same mapping property gives independence of the cover and compatibility
with Zariski gluing in 7.

If T — X is proper, each (Tk)*/V — V is proper [Zav25, Remark 6.3]. Since properness
is local on the target for open covers, so is the global map. U

3.3. Module categories and relative full faithfulness. For an affine morphism, qua-
sicoherent complexes are modules over its coordinate algebra. We use this description to
extend full faithfulness from X to the total space.

Let ¢ : U — X be affine and of finite presentation, and put A = ¢.Opy € CAlg(Dy.(X)).
Then Dy (U) ~ Mod4(Dgc(X)).

Lemma 3.6. There is a canonical equivalence
Co(Uy'™®) ~ Moda, a(Co(X)),

compatible with rational restriction on X. Under this equivalence, Rq™8 is the forgetful
functor to Co(X), and the comparison functor on an object of Dy.(U) is the module functor
induced by ax.

Proof. Work over V = Spa(R, R) C A™1(W), and write U = Spec B. Put R = (R, R")"
and

RO = (RdiSC7 R(;sc)ma

BO - (BdiSC7 B;;sc)m’
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where B* is the integral closure of the image of R™ in B. The algebraic realization is
defined by B8 = R ®%2ng By [LH26, A.9]. Using Lemma B.7 and the module-category
base-change formula, we compute

D(B?%lg) ~ D(R) ®p(re) D(Bo)
~ D(R) ®p(ry) Modp(D(Ry))
~ Modconday(5)(Da(R, RY)).

The first and last steps use [LH26, Lemma A.1] and [Lurl7, Section 4.8.5]. By the definition
of ax, the algebra Condg(B) is (ax.A)|y.

For a rational restriction R — R, Lemma B.8 identifies this calculation with the one for
B ®pr R'. The identifications are associative, so Proposition B.1 glues the module categories.
On each chart the structural pullback is the free-module functor and its right adjoint forgets
the action. These descriptions glue too, proving both remaining assertions. O

Proposition 3.7. For every separated finitely presented X -scheme T, scalar extension
induces a fully faithful colimit-preserving functor ar : Dgc(T) — Co(T3"®). It is strong sym-
metric monoidal and compatible with pullback. If T'— X is proper, we use Proposition 3.2
to regard its target as Co(T4™).

Proof. For an affine T — X, Lemma 3.6 identifies the comparison with the functor on
modules induced by ax. Theorem 2.6 and Lemma B.3 give full faithfulness.

For general T', choose a finite affine cover (U;) subordinate to a finite affine cover (W,)
of X. Each U; — X is affine: U; — W, is a map of affine schemes, and W, — X is
affine because X is separated. Every multiple intersection U; is also affine over X, by
separatedness of T" and the same argument over intersections of the W,,.

Apply the affine comparison to the full Cech nerve. The resulting functors are fully faithful,
strong symmetric monoidal, and colimit-preserving, and they commute with restriction by
tensor associativity. Taking the limits of Lemma 3.4 proves the result. Monoidal structures
and pullback maps descend through this same diagram. 0

Proposition 3.8. Let T be a separated finitely presented X -scheme, and let jp : TE* —
T;?lg be the analytic-locus morphism. The composite ap™ == grar : Dpe(T) — Co(T4") has
image in DEC(T?“). If T is proper, 37 is an isomorphism, so o™ is the restriction of the
fully faithful functor of Proposition 3.7; in that case we again write it ssmply as c.

Proof. Take M € D,.(T). Over a rational-affinoid base chart, choose an affine Zariski
cover and the bounded analytic charts of [LH26, A.15]. Locally, M has a bounded-above
resolution by finite free modules over a finite type R-algebra B. Derived scalar extension
carries it to a bounded-above finite-free complex on each bounded chart.

Its condensification is nuclear and pseudocompact by [LH26, A.15 and the paragraph
preceding Theorem A.18], using [And21, Theorem 5.50 and Proposition 5.33]. These local
complexes are the restrictions of jhar(M), by the scalar-extension construction. Descent
for nuclearity and pseudocompactness therefore puts this object in DS (T3"). O

3.4. Flatness.

Proposition 3.9. For every finitely presented X -scheme T, the morphism cp : T3 — T
1s flat.
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Proof. Take W = Spec A C X, V = Spa(R,RT) C A™'(W), and an affine U C T xx W.
Over V, put Ur = U x 4 Spec R. The map factors as

BTN § SN )
The second map is flat by Lemma 2.4; the first is flat on local rings by [Zav25, Lemma 6.7].
These charts cover the source and target, so cr is flat. U

4. PROPER PUSHFORWARD AND LOCALIZATION AT THE BOUNDARY

The next step is to write an affine restriction in terms of proper direct images. We first
establish their finiteness, then localize along a boundary divisor.

4.1. Proper direct images with solid coefficients.

4.1.1. The affinoid case. We use the proper-direct-image argument of [LH26, A.16-A.17].
Over our strongly noetherian bases, the polynomial-module finiteness required in [LH26,
A.14] follows from a finite-syzygy calculation.

Let (R, RT) be a strongly noetherian complete Tate Huber pair. For a scheme S locally of
finite type over R, write SA" for its analytification as an analytic stack [LH26, Theorem A.13]
and 7 : 54" — AnSpec(R, R*)" for its structural morphism. We use D5, (S") for the
category of nuclear and pseudocompact objects defined in [LH26, A.15], and the fully faithful
condensification functor Condg : Dyc(R) < Dp(R, RT) of [And21, Theorem 5.9].

Theorem 4.1. Let (R, R") be a strongly noetherian complete Tate Huber pair, and let S be
a proper scheme of finite presentation over R. Then the solid direct-image functor R, :
Co(SA") — Do(R, RY) sends D5 (SA") into the essential image of Condg : Dpo(R) <
Du(R, RY). Equivalently, for every K € DS.(SA") there exists an object M € Dyo(R) and an
equivalence Condg(M) ~ R, K in Do(R, R*). The object M is unique up to a contractible
space of choices.

Proof. We prove the finiteness needed for the exceptional-pullback argument of [LH26,
Proposition A.16 and Corollary A.17].

Let P = R[T},...,T,,) and B = P/I. The ring P is noetherian, so successive finite-free
presentations of B and its kernels give a bounded-above finite-free resolution F'* — B. Thus
B € D,(P), as required in [LH26, Lemma A.14].

Put D = R(T},...,T,,). For a finitely generated ideal J C P, flatness of relative analyti-
fication on local rings [Zav25, Lemma 6.7] preserves the injection J—0 ar. Restricting to
the closed unit polydisc and taking sections gives J @ p D < D, by [Zav25, Theorem 4.2].
The ideal criterion therefore makes P — D flat [Stacks, Tag 00HD], and

D @Y% B~ (D/ID)[0] € Dy(D).

The tensor product of F'* with D gives its finite-free resolution. With the finite-module
topology, this quotient condensifies to a nuclear and pseudocompact object [And21, Theo-
rem 5.9, Lemma 5.23, and Theorem 5.50]. The same calculation applies to R(w"T) and
after rational localization of R.

We can now use [LH26, Proposition A.16]. On a quotient chart, the right adjoint is
internal derived Hom from (D/ID)[0]. Its pseudocompactness gives direct-sum compatibility
on uniformly bounded-below targets, and its concentration in degree zero gives the lower
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bound. On a polynomial chart, exceptional pullback is ordinary pullback shifted by [m].
These calculations glue over the bounded charts and a finite affine cover of S. Hence, for
(M,) C Do(R, R*)=%, the objects 7' M, have a common lower bound on the defining charts,

and
@T{'!Ma = (EB Ma> .

Properness gives R, = Rm. The finite bounded-chart argument of [LH26, A.3, A.10,
A.13, A.15, and the proof of Corollary A.17] shows that it preserves nuclearity. For
pseudocompactness, take K € D7, (S*") and a uniformly bounded-below family (M,). We
have

Map(Rr. K, @D M,) ~ Map(K, =' @ M.,)

The third step uses the common lower bound and the test in [CS26, Definition 9.9].
Thus R, K is nuclear and pseudocompact. The affinoid comparison [LH26, A.15] [And21,
Theorem 5.50] gives R, K ~ Condg(M) for M € D,.(R). Full faithfulness gives uniqueness
of M equipped with this equivalence. [l

Corollary 4.2. In the setting of Theorem 4.1, the functor R, : Co(S*) — Dp(R, RT)
commutes with arbitrary colimits.

Proof. For proper 7, the proof above identifies R, with R [LH26, proof of Corollary A.17].
The latter is left adjoint to 7' and therefore preserves colimits. O

4.1.2. Globalization. Let g : Z — X be proper and of finite presentation, with relative
analytification gA" : Z4» — X.

We first check open base change, so that the affinoid direct images compute the restrictions
of the global one.

Lemma 4.3. Leti:V — X be a quasi-compact analytic open embedding in the class I of
[LH26, A.2]. This includes rational-affinoid open immersions. Form the cartesian square

s/

An L4 An
ZV ZX

g‘A/n l lgAn

v — X,
Then the canonical transformation

i"Rg." — Rgy "

is an equivalence on Co(Z4").
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Proof. The class [ is stable under base change, and its pullbacks admit exact left adjoints
given by extension by zero [LH26, A.2]. Rational-affinoid open immersions belong to I
by [RC24, Proposition 2.3.2]. The stack-level formalism [Sch26b, Proposition 5.16 and
Theorem 5.19] gives the adjunctions ¢y 4 4* and 4] 4 ¢* and the equivalence

(g™ i =~ ii(gp™)"
with the base-change maps of [Sch26b, Definition 2.5].
For A € Co(Z%™) and B € Co(V), compute
Mapy, (B, i*Rgi" A) ~ Mapy (i B, Rg:"A)
~ MapZQn((gAn)*z';B, A)
~ Map 4. (if(gy")" B, A)
~ Mapzsn ((9y")" B, 1" A)
~ Mapy (B, Rg{},’;i’*A).
The adjunctions identify this equivalence with the mate of the given square. Yoneda proves

the assertion for the canonical map. 0

Proposition 4.4. Let g : Z — X be proper and of finite presentation. Then Rg™" :
DEC(ZQH) — DEC(X) preserves chartwise pseudocoherent objects. Moreover, the functor
Ry : Co(Z4") — Ca(X) commutes with arbitrary colimits.

Proof. Take V = Spa(R, R") € RatAffx(X) and put Zp = Z x x Spec R. Proposition 3.2
and Lemma 4.3 give

(Rg"EK)|v = R(gr):™ (K] z30)-
For K € D5 (Z3"), the local Grauert theorem puts the right side in Condg(Dpe(R)). These

are the restrictions of RgA"K, so this object belongs to DEC(X ).
For a diagram (K,), restrict the map

colim RgA" K, — Rg™" (colim K, a)

to V. Open base change identifies it with the corresponding map for (gz)*", which is an
equivalence by Corollary 4.2. Restriction to an affinoid cover is conservative, so the map is
an equivalence globally. 0

4.2. Algebraic Cartier localization.

Lemma 4.5. Let (R,R%) be a complete Tate Huber pair, let S be a separated finitely
presented R-scheme, let L be a line bundle on S, and let s : Os —> L be a section.
Write U = Sy C S for its nonvanishing locus and j : U < S for the open immersion.
Use the same symbols L and s for their images under the comparison functor. Then
ghlex . C(SM8) — Co(UMe) admits a right adjoint RjMe, and for every K € Co(S™#)
there 1s a natural equivalence

RjMe Al ¢ ~ cgl>im(K ® L"),

0

whose transition maps are induced by s. No reqularity assumption on the section is required.
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Proof. Trivialize £ on a finite affine Zariski cover. On an intersection Spec A, write s = t.
The nonvanishing locus is Spec A[t7!], and Lemma B.10 identifies pullback with —®% A[¢t™!].
Its right adjoint is restriction of scalars.

For a further restriction A — A’, the identity

At~ A b At
gives the right-adjoint base-change equivalence
A, ®IA ReSA[t—l}/A M ~ ReSA/[tA]/A/ (A,[t_l] ®ﬁ[t—1] M)

Associativity makes these maps compatible on longer intersections. By Lemma B.4, the
right adjoints glue through the Zariski presentation of SA% [LH26, Theorem A.13] and
Proposition B.1.

Now use

At ~ colim(A 5 A 5 -2,
Tensoring with K computes Rj*8j41&* K In the chosen trivialization, the maps K ® £" —
K ® L' are multiplication by t. A change of trivialization multiplies ¢ by a unit; both

sequences then describe the same localization at s. The local formulas therefore glue to the
stated equivalence. O

Lemma 4.6. Let Z be a separated finitely presented X -scheme, let D C Z be an effective
Cartier divisor, and let j : U = Z\ D — Z. Put T = Oz(—D) and L = Z7' = O4(D).
Let s : Oy — L be the canonical section, and use the same symbols L and s for their
mmages under the relative compam’son functor. The algebraic extension-of-scalars functor
GAB*  C(Z5"8) — Co(US'®) admits a right adjoint RjN. For every K € Co(Z5') there
1 a natural equivalence

R A jAlE* cohm(K ® L®n)
>0

where the transition maps are multiplication by s. The localization is computed in the
algebraic-realization module categories.

Proof. Choose a finite affine cover (Z,), subordinate to affine opens of X, on which D is
principal. On an intersection Spec A, write O(—D) = (t). Lemma 3.6 identifies restriction
to U with tensoring by A[t~!], whose right adjoint is restriction of scalars.

For A — A’ on a further intersection, the right-adjoint mate is the equivalence

Al ®1L4 ReSA[t—l}/A M ~ R,GSA/[t71]/A/ (A/[t_l] ®ﬁ[t—1] M) .

It follows from A’[t7!] ~ A’ @% A[t~!]. Tensor associativity gives its composition compati-
bility, so Lemmas 3.4 and B.4 glue these right adjoints.
On this affine intersection, we compute

R]Alg Alg,*K ~ K ®g A[ —1]
~ colim(K 5 K = ---).

The generator ¢! trivializes O(D), and the canonical section is multiplication by ¢ in this
trivialization. Thus the last line is colim, (K ® O(nD)). Changes of local equation give
the same localization at s, so these formulas agree on intersections and glue. This is the
boundary localization used in [LH26, proof of Theorem A.18]. U
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We next choose a modification on which the open is the nonvanishing locus of a section.
Over a noetherian scheme, the section comes from an effective Cartier divisor. The second
lemma retains the line bundle and section under arbitrary base change.

Lemma 4.7. Let Y be noetherian and let j : U — 'Y be a quasi-compact open immersion.

There is a coherent ideal J C Oy with vanishing locus Y \ U such that, forp :' Y =
Bl (Y) — Y, the following hold:

(i) p is projective and of finite presentation (hence proper), and is an isomorphism over
U;
(i) JOy = O3(—D) is an invertible ideal;
(iii) the complement of U in'Y is the effective Cartier divisor D.

If Y — X s proper and of finite presentation, then Y — X is proper and of finite
presentation.

Proof. Choose a coherent ideal J with vanishing locus Y\ U. The blowup of J is projective
and finitely presented, is an isomorphism where J is the unit ideal, and makes J Oy an
invertible ideal [Stacks, Section 31.33, especially Lemma 31.33.4]. Its zero locus is precisely
Y \ U. It therefore defines the required effective Cartier divisor. The last assertion follows
by composition. O

Lemma 4.8. Let R be a ring, let S be a proper finitely presented R-scheme, and let
j U <= § be a quasi-compact open immersion. There exist a proper finitely presented
morphism p : S —» S that is an 1somorphism over U, a line bundle L on g, and a section
s : Og — L whose nonvanishing locus is the copy of U in S.

Proof. Choose a finite type quasicoherent ideal [J cutting out S\ U [Stacks, Tag 01PH]. The
approximation used in [Stacks, Tag OEVA] writes (S, V(7)) as the base change of a pair
over a noetherian scheme. Blow up the center on that model, and pull back the resulting
modification to S. This gives a proper finitely presented p : S — S that is an isomorphism
over U.

On the model, the exceptional divisor Dy is effective Cartier [Stacks, Tag 020S]. Pull
back O(Dy) and its canonical section to obtain £ and s. Nonvanishing loci commute with

base change, so the nonvanishing locus is p~*(U) ~ U. These are exactly the data used in
Lemma 4.5. U

4.3. Comparison with Huber analytification. Recall from [LH26, A.19] that the
assignment Spa(A, A*) — AnSpec(A, AT)” from Tate affinoid adic spaces to analytic
stacks sends rational covers to steady-localization covers and therefore glues to a functor
(—)" : {analytic adic spaces} — {analytic stacks}.

Lemma 4.9. Let Z be a quasiseparated analytic adic space and let (Z;);er be an arbitrary
open cover by analytic open subspaces. Put Z; = Zi,N---NZ;,. Then the canonical
morphism of analytic stacks

0-++0n

[n] — II Zg .| — Z"

(50,-yin) €I
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is an equivalence. In particular, if Zo C Z1 C --- C Z 1is an increasing open cover by affinoid
subspaces and every Z, — Z,+1 1S a rational open immersion, then
colim 7 = 7.
n>0
Moreover, every quasicompact affinoid open W C Z is contained in some Zy and admits a
finite affinoid cover whose members are rational subdomains of both W and Z.

Proof. The functor (—)" is defined by gluing the affinoid assignment along rational covers
[LH26, A.19]. Choose rational-affinoid covers of the Z;, and refine their intersections
by rational affinoids. Quasiseparatedness gives finite refinements on each quasi-compact
intersection.

This produces a bisimplicial gluing diagram. Realizing first along the rational covers
gives the Cech diagram displayed in the statement. Realizing first along the open cover
gives a rational-affinoid presentation of Z~. The two realizations commute, proving the first
assertion. A common refinement compares the choices.

For the increasing cover, each Z5 — ZEH is a monomorphism, since rational open
immersions give open localizations [RC24, Proposition 2.3.2]. Its colimit is the union of
these subobjects, which the first assertion identifies with Z=.

Finally, (W N Z,) is an increasing open cover of the quasi-compact W, so W C Zy
for some N. Each point of W has a rational neighborhood in Zy contained in W. That
neighborhood is rational in W as well, by base change. A finite collection covers W. U

Proposition 4.10. Let V = Spa(R, R") be a strongly noetherian complete Tate affinoid,
and let T be a separated finitely presented R-scheme. There is a canonical equivalence of
analytic stacks over V

19ij : TAn ;> (Tad/V>EI.

It is functorial in T, compatible with Zariski restriction, and compatible with rational base
change on V', including the identity, composition, and higher associativity coherences.

Under 1y, the subcategory DE.(TA™) defined in [LH26, A.15] is identified with the full
subcategory of Co((T?YV)) whose restriction to every strongly noetherian affinoid open
W = Spa(C, CT) belongs to the essential image of Condc : Dpe(C) < Do(C,CT). Moreover,
if W C c;}V(U) with U = Spec A C T affine, then for every M € Dq.(T) the analytification
of M satisfies

|
pc

o™ (M)|wo ~ Conde (C &% RI(U, M|y)).
Here af™ = j:‘}o/;lg, where 3p : TA — T3 s the analytic-locus morphism.

Proof. We compare the bounded charts defining the two realizations, following [LH26, proof
of Theorem A.19]. Suppose first that 7' = Spec B. Choose

B=RI[T,..., /I

and a pseudo-uniformizer @ € R". Let b; be the image of T;. Huber analytification is the
increasing union of the affinoids

W, ={]w"b;| <1for1 <i<m}

[Hub94, Proposition 3.8] [Zav25, Examples 6.4-6.5]. The inclusion W,, C W,,;, is rational,
given there by |w" ;| < |w|.
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Put
Con = R(@"Th,...,w"Ty),
Cn - 00771/[007”.

Let Cf,, = RY(@w"T1,...,@w"T,), and let C;I be the integral closure of its image in C,. In
the bounded coordinates U; = w"T;, the equations are

I, = (f(w"U,...,w "Up): fEI),
so C, = R(U)/I,,R(U). The change of variables identifies the polynomial presentations,
and the transition map sends U™ to wU™.
We first compute the analytic ring of W,,. Set P = R[T},...,T,,). The map P — Cy,, is
flat: for a finitely generated ideal J C P, pull back J < O to the closed polydisc. Flatness

on local rings [Zav25, Lemma 6.7] and the finite-module theorem [Zav25, Theorem 4.2] give
J ®@p Cypn — Co,. Apply the ideal criterion [Stacks, Tag 00HD]. Hence

Con @p B ~ C,[0]

in the ordinary derived category.

The ideal 1Cy,, is closed, and C,, is complete with its quotient topology, by the open
mapping theorem and completeness of finite modules [KL19, Theorem 1.2.9 and Corollar-
ies 1.2.11-1.2.12]. Thus W,, = Spa(C,, C;}).

Let BPd be the first, underlined bounded analytic ring of [LH26, A.15]. For the polynomial
algebra it is (Cj ,, Cgf )Y [LH26, Lemma A.8]. For the quotient, the pushout map has the
induced analytic structure described in [LH26, proof of Proposition A.16] and [Sch26a,
Proposition 12.8]. Before analytic completion its underlying condensed ring is

En = C1O,n ®% Bu

with P and B discrete [Sch26a, Proposition 12.12].

Choose a bounded-above finite-free P-resolution of B. The discrete embedding is exact
[And21, Lemma 5.7], and the resulting complex of free condensed P-modules is K-flat.
After tensoring with Cj ,, it is termwise the condensification of the ordinary tensor product.
The ordinary calculation above, exactness of condensification, and its agreement with the
finite-module topology give

E, = C,[0]
as animated condensed rings [And21, Theorem 5.9 and Lemma 5.23].
We next identify completeness. A condensed C),-complex is complete for this induced

structure exactly when its restriction to Cy, is complete. Proposition 3.29 of [And21]
expresses that condition using the discrete plus ring C’af - Factor

Con — D i=1m(Cy,, = C,,) — Cf.

Both maps are integral. The restriction criterion and integral invariance [And21, Propo-
sitions 3.21-3.22] therefore identify the condition with completeness over (C,, C;")". The
unit C), is complete [And21, Lemma 3.24]. Uniqueness of the complete analytic structure
[Sch26a, Proposition 12.20] now gives
BM ~ (C,, CH",
AnSpec B> ~ W5,
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The maps agree with the transitions in n, since both come from the identity on B and
enlargement of the coordinate bounds.

Write U,, = AnSpec B2, and let U,, denote the second bounded charts in [LH26, A.15].
The factorization of [LH26, A.11], applied to the generators, gives

The composites are the transitions of the two sequences. Thus the induced maps on colimits
are inverse, and Lemma 4.9 gives

TA" ~ colimU,, ~ colim W ~ (T24/V)D,

This defines ¥y for affine T

Pullback along these chart maps preserves nuclearity. Indeed, scalar extension takes each
measure generator to its counterpart and hence preserves compact objects. It is strong
symmetric monoidal and preserves colimits. The natural map from the image of a dual
to the dual of the image takes trace-class maps to trace-class maps. It therefore takes the
presentations of basic nuclear objects, and then their colimits, to nuclear objects [And21,
Propositions 2.9 and 2.11, Definition 5.32, and Proposition 5.33] [CS26, Definition 8.5 and
Theorem 8.6].

Now take W = Spa(C,C") C c;/lv(U) with U = Spec A, and put K = RI'(U, M|y).
Lemma 4.9 puts W in some Wy and gives a finite cover by W; = Spa(C}, C;r ) rational in
both. On W, scalar extension and Zariski restriction give

adn( M)|yo =~ Conde, (C; oL K)
[And21, Lemma 5.10]. This is also the restriction of Condq(C ®@Y K), since
C;®e (O %K) ~C;@f K.

Rational descent proves the stated formula on W. The common bounded refinements of
Lemma B.9 give independence of the presentation and compatibility with rational base
change. On those refinements, the maps are the same scalar-extension maps, with their
tensor-associativity coherences.

We finish the affine case by comparing the finiteness conditions. For K € DEC(TA“), its
restriction to Uy is nuclear, so its restriction to Uy = WE is nuclear as well. Pseudo-
compactness on this underlined chart is part of the definition. Cover an arbitrary affinoid
W C Wy by common rational subdomains as above. Nuclearity descends to W by [And21,
Theorem 5.42]. These rational maps are open localizations [RC24, Proposition 2.3.2], so
pseudocompactness descends by [LH26, Proposition A.5]. The affinoid identification in
[LH26, A.15] then puts K|yo in Conde(D,e(C)).

Conversely, suppose the restriction to each Huber affinoid is in that image. On every
U, = W the object is nuclear and pseudocompact. Descent over the underlined charts
gives pseudocompactness on TA" [LH26, A.15 and Proposition A.5]. Pulling back from
U, to U, gives nuclearity on the second system, and its descent gives global nuclearity
[LH26, A.15 and Proposition A.4]. This proves equality of the subcategories; compare also
[And21, Theorems 5.42, 5.44, and 5.50].

For separated T', choose a finite affine Zariski cover. The affine comparisons agree on
all intersections. Huber analytification glues these opens, and Lemma 4.9 identifies its
associated analytic stack with their geometric realization. The same realization defines 74"
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[LH26, Theorem A.13]. Gluing gives Jry, the affinoid object formula, and the equality of
finiteness subcategories. The affine functoriality and base-change compatibilities descend
with them. 0

Lemma 4.11. Let (R, R") be a strongly noetherian complete Tate Huber pair, let h : S — S
be a morphism of separated finitely presented R-schemes, let K € DEC(SA“), and let L be a
line bundle on S'. Then hA™ K @ LA € D5 ((S")A"). The construction is functorial in h

and compatible with composition.

Proof. Use Proposition 4.10. Cover a strongly noetherian affinoid W’ C (8)2/V by finitely
many rational affinoids

W; = Spa(C,',, C,/j_)
that map into strongly noetherian affinoids W, = Spa(C,,, Cf) of S24/V. Refine so that L is

trivial on every W).
Write K|yo ~ Condg, (P,) with P, € D,(C,). The pullback formula is

hAm*K’(W;)D ~ COIldC,/J (CI// ®g,, P,,)

A bounded-above finite-free resolution stays such after scalar extension. Thus each right
side is pseudocoherent, and tensoring with the trivialization of L preserves it. Rational
descent proves the assertion on W', and then on (S’)A". The maps are the scalar-extension
maps of [And21, Lemma 5.10], so tensor associativity gives composition compatibility. [J

Lemma 4.12. Let Z and Z' be proper and finitely presented over X, let h : Z' — Z be an
X-morphism, let K € DEC(ZQA(H), and let L be a line bundle on Z'. Then hW*"*K ® LA" €
D5.((Z")3"). Here LA denotes the corresponding invertible object on the relative analytic

realization.
Proof. Over V = Spa(R, RT) C X, the object in the statement restricts to
An, x n
" (K| za0) @ Lig,

where Zp = Z xx Spec R and Z}, = Z' x x Spec R. It is pseudocoherent by Lemma 4.11.
Proposition 3.3 tests membership on these base charts and gives the result. 0

Lemma 4.13. Let V = Spa(R, RT) be a strongly noetherian complete Tate affinoid, and let
T be a proper finitely presented R-scheme. There are a finite cover by strongly noetherian
affinoid opens T*YV = \Ji_, Wi, with W; = Spa(B;, Bj"), and affine opens U; = Spec A; C T
with W; C c;/lV(U,») such that

H Spec B; — T

i=1
is fpqc.
Proof. The space 7%V is proper over V and hence quasi-compact [Zav25, Remark 6.3].
Choose a finite affinoid cover (WW;) subordinate to the inverse images of an affine cover of T,
and write W; = Spa(B;, B;") and U; = Spec A;.

For flatness, take a finitely generated ideal J C A;. Flatness of ¢y on local rings [Zav25,

Lemma 6.7] gives

C;“/V‘]|Wi — OWL



GAGA OVER THE FARGUES-FONTAINE CURVE 25

The ring A; is noetherian, so J has a finite presentation. Pulling it back identifies the source
with the sheaf associated to J ® 4, B;. The finite-module equivalence [Zav25, Theorem 4.2]
therefore gives J ® 4, B; < B;. The ideal criterion makes A; — B; flat [Stacks, Tag 00HD].

Let x be a closed point of T'. By Proposition B.11 and properness, the nonzero skyscraper
#(z) has nonzero image under a4, It is nonzero on some W;. Proposition 4.10 identifies

that restriction with
Condp, (B; ®% T'(Us, k(x)|1,)).

Thus x € U; and B; ® 4, k(x) # 0. A prime of this ring gives a point above z.

Every point y € T specializes to a closed point x. Since U; is open, x € U; implies y € U;.
Flat going-down lifts p, C p, to a prime below a chosen prime over x. Hence the family
covers every point of 7. It is a finite family of affine flat maps, so its disjoint union is
fpqc. U

Proposition 4.14. Let (R, R™) be a strongly noetherian complete Tate Huber pair and let
S be a proper scheme of finite presentation over R. Analytification induces an equivalence

ag" : Dpe(S) — D5, (S™").
This is the strongly noetherian case of [LH26, Theorem A.18].
Proof. Analytification preserves pseudocoherence by the bounded-chart calculation in [LH26,
A.15 and the paragraph preceding Theorem A.18]. Properness gives S4* ~ S48 [LH26,

Theorem A.13], and Proposition B.11 gives full faithfulness.
Take C € DD ' (SA1) and an affine open j : U = Spec A — S. By Lemma 4.8, choose a

proper finitely presented modification p : S = S, equal to the identity over U, and a section
of a line bundle £ whose nonvanishing locus is U. Write j : U < S 75— Spec R, and
C= pA™*C'. Properness identifies the two realizations of S.

By Lemma 4.11, each C®Lris pseudocoherent. Localization gives

R;jAE A0 ~ cohm(C ® L").

Apply R7,. Theorem 4.1 puts

E,=R7.(C® L")
in Condg(Dye(R)), and Corollary 4.2 allows the colimit through direct image. By full
faithfulness and Lemma B.2, lift E, to M, in D,.(R) and put M = colim,, M,,. We get

R7, R4 C ~ Condg(M).

Since 7 o} = q: U — Spec R, the left side is Rq2'#j48*C: the two direct-image functors
are right adjoint to the same pullback. Lemmas B.10 and B.3 lift its A-action and give
Ny € D(A) with

oy (Ny) = jHB*C.

Do this on a finite affine cover of S. On intersections, full faithfulness lifts the identifica-
tions with the restriction of C| together with their cocycle homotopies. Zariski descent then
gives N € Dy(S) and a4*(N) ~ C.

To check finiteness, use the fpqc family s; : Spec B; — S from Lemma 4.13. Put
N; = Ls;N. The affinoid formula in Proposition 4.10 gives

Condp, (N;) = Clyya > Condp, (F)
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for some P; € Dy(B;). Full faithfulness identifies NV; with P;. Faithfully flat descent for
pseudocoherence [Stacks, Tags 066D and 068R] gives N € D,.(5), completing the proof. [

5. GLOBAL PSEUDOCOHERENT GAGA

We can now prove GAGA. The boundary formula will give an algebraic complex on each
affine open, and the following fpqc test will show that it is pseudocoherent. Full faithfulness
then glues these complexes.

5.1. Finite fpqc reflection of pseudocoherence.

Proposition 5.1. Let f: Y — X be proper and of finite presentation, let 7 : U — Y be
an affine open for which the composite q : U — X is affine, and identify Y3 with Y)?lg by
properness. Let C € DEC(Y;(AH), and suppose that N € D (U) is equipped with an equivalence

ay(N) ~ jNe*C in Co(US'®). Then N € Dy (U).
Proof. Choose the fpqc family of Lemma 2.7 and form

Y, =Y Xx Spec R;,
U; = U x x Spec R; = Spec B;.

Write U = Spec B. Since the family is finite, its base change to U is the faithfully flat map
B— B =]]B:

We will check pseudocoherence of N; = N ®Ié B,.

Let C; be the restriction of C' to Y;A". The scheme Y] is proper over R;, so Proposition 4.14
gives M; € D,.(Y;) realizing C;. Restrict the given equivalence ay(N) ~ j28*C to V;.
Over (R;, R;}), this identifies the images of N; and M;|y, under the comparison functor.
Proposition B.11 therefore gives

The finite product N ®% B’ ~ ], N; is pseudocoherent over B’. Faithfully flat descent
[Stacks, Tag 068R] gives N € D,(B). O

5.2. Boundary pushforward and affine algebraization. We now make the main
calculation. It is the boundary-localization argument of [CS26, Theorem 13.10] and [LH26,
Theorem A.18], followed by the comparison on the base curve.

Theorem 5.2. Let f : Y — X be proper and of finite presentation, and let j : U — Y be
an affine open for which q = foj:U — X 1is affine. Choose a boundary blowup p : Y »Y
as in Lemma 4.7, identify p~*(U) with U, and let D be the resulting effective Cartier divisor
with complement U. Write f = f op, and use properness to identify the algebraic and
analytic realizations of Y and Y.

For C € DEC(Y;?“), put C = (p*™)*C and, forn >0,
E,(C) = Rf*(C ® Oy (nD)),

where the line bundles denote their relative realizations. The canonical section Oy — Oy (D)
defines the transition maps E,(C) — E,+1(C).
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There is a canonical equivalence, natural in C,

Rq 44" C = colim R f2*(C ® Og(nD))

Every E,(C) belongs to D5 (X). The whole sequential diagram has an algebraic lift M,(C)
in Dpe(X), functorial in C, with an equivalence of diagrams ax(M.(C)) ~ E4(C). For

My(C) = col>ign M, (C) € Dy (X),

there is consequently a natural equivalence
ax(My(C)) ~ Rg 84 C.

The lift of the diagram, equipped with its comparison, is unique up to contractible choice. The
algebraic object My (C'), equipped with the last equivalence, is independent of the boundary
blowup up to canonical equivalence.

Proof. Let ; : U < Y be the open immersion. The scheme Y is proper over X, so
Proposition 3.2 identifies its algebraic and analytic realizations. By Lemma 4.12, each
C' ® Oy(nD) is pseudocoherent. Proposition 4.4 therefore gives E,(C) € D} (X).

Cartier localization gives

RjMEjAE O o cohm(o ® Oy (nD)).

Since p is the identity over U, we have jAlg’*C’ jA&8*C'. Moreover, f Oj =q, SO RfA“RjAlg
is right adjoint to ¢1*. It is therefore Rg®. Usmg the colimit assertion of Proposition 4.4,
we compute

RgMe A RfAnRjAlg Algx

~ RfA (colimC’ ® Of,(ﬂD))

~ Collim En(g’ ).
The transitions are induced by the section of O(D), so this is the required formula, naturally
" fﬁply the inverse of the base equivalence in Proposition 2.10 to the diagram E,(C).

Lemma B.2 gives its lift M,(C'), together with the comparison, uniquely up to contractible
choice. Taking the colimit gives

ax (co}lim Mn(C)> ~ coij E,(C) ~ Rqug Algx

All constructions are functorial in C'. A different blowup gives another preimage of the same
object on the right. Full faithfulness of oy identifies these preimages with their comparisons,
proving the final assertion. OJ

The theorem gives an object of Dg.(X) with an action of the affine coordinate algebra.
Lifting that action gives the complex on U to which Proposition 5.1 applies.

Proposition 5.3. Let f : Y — X be proper and of finite presentation, let C' € DEC(Y)’}“),
and let j : U = Spec B < Y be an affine open contained in f~*(W) for a standard affine
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W C X. Then there is an object Ny € Dpo(U) and an equivalence ay(Ny) ~ j88*C in
Ca(Uy™®).
Proof. The map ¢ : U — W — X is affine because W — X is affine. Identify Y2* with
Y)? '8 using properness. Theorem 5.2 gives M € Dy (X) and

RqMejA8*C ~ ax(M).
Put A = ¢.Oy. By Lemma 3.6, the object j4&*C' is an ax(A)-module with underlying
object ax(M). Its action is a map

Oéx(A® M) — Ozx(M).
Full faithfulness lifts this map to A ® M — M, and Lemma B.3 lifts the full module
structure. Thus we obtain Ny € Mod 4(Dyc(X)) >~ Dy (U) with

OéU(NU) ~ jAlg’*C.

Proposition 5.1 proves that Ny is pseudocoherent. 0

5.3. The stable equivalence and proper pushforward. We can now finish the proof by
gluing the affine algebraizations. To include proper direct images, we will use the following
algebraic finiteness statement.

Lemma 5.4. Let h: S — T be a proper morphism of finite presentation between noetherian
schemes. Then Rh, : D_, (S) — D_,(T).

coh
Proof. Choose a finite affine cover (T,) of T. Cover each S, = h~'(T,) by r, affine opens.
Their intersections are affine because h is separated. The alternating Cech complex therefore
gives cohomological dimension at most r, — 1 on S,. This cover stays affine after restriction
to any affine open of Ty, so it gives the same bound for direct image. With d = max,(r, —1),
the finite Cech calculation gives

R/, (Dge(5)=7) C Dyo(T) =41

Take M € D_, (S)=V. Tts direct image is bounded above by N + d. For a fixed n, apply

coh
Rh, to
T<n—daM — M — 7>,_qM.
The first direct image lies in D<"71, so
H"(Rh.M) ~ H" (Rh*TZn_dM).
The truncated complex is bounded coherent. Proper coherence and its finite Postnikov

tower make the right side coherent [Stacks, Tags 0BCF and 0205]. This holds for every n
and proves the lemma. O

Theorem 5.5. Let f : Y — X be proper. Relative analytic realization induces an equivalence
of stable co-categories

ay : Dpo(Y) —= Dy, (Y3™).
For every M € D,.(Y), the canonical comparison morphism

ax(RfM) — RfM(ay M)
is an equivalence in Co(X). Consequently,

RI(Y, M) ~ RT(Y2™, ay M).
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Proof. Properness identifies Y1 with Y)? g, Proposition 3.7 gives full faithfulness, and
Proposition 3.8 gives preservation of pseudocoherence.

For essential surjectivity, take C' € DE(Y3") and a finite affine cover (U,) subordinate to
standard affines of X. Proposition 5.3 gives N, € D,(U,) with

ay, (Na) ~ C‘UaAlg.

On U, NU,, the two restrictions realize the same object. Full faithfulness lifts their specified
equivalence. Lemma B.2 lifts the cocycle homotopies on all higher intersections as well.
Thus the N, form descent data on the full Cech nerve. Pseudocoherent Zariski descent gives
N € D,(Y) and ay (N) ~ C.
We next compare proper direct images. Applying ay to the algebraic counit gives
(f*") ax(REM) =~ ay (L RfM) — ay (M),
Its analytic adjoint is the canonical map
s ax(Rf.M) — E = Rf ay (M).

Lemma 5.4 gives Rf,M € Dy,c(X), while Propositions 3.8 and 4.4 give E € Dy (X). Write
E ~ ax(N) using base GAGA. Full faithfulness lifts v, to a map uy : Rfs M — N.
For P € Perf(X), the two adjunctions give
MapX(P7 Rf*M) = MapY(f*P7 M)v
MapX(P7 N) = MapX(aXP7 E)
~ Mapy . ((f*")*ax P, ay M)
= Mapy;gn(OCY(f*P), ay M)
= MapY(f*P7 M)
The map induced by wuy, is the identity under these identifications, because v, was obtained
from the algebraic counit. Perfect complexes generate Dy.(X), so uys is an equivalence.

Hence v, is an equivalence.
Finally, apply full faithfulness to the unit:

RI'(Y, M) = Mapy (Oy, M) ~ Mapy.(O, ay M).
This gives the cohomology comparison. 0

6. THE TRANSPORTED COHERENT STRUCTURE AND CLASSICAL GAGA

We now identify the categories in the stable comparison with ordinary coherent sheaves
and bounded coherent complexes on Huber analytification. The tensor product on coherent
hearts is the usual one, given by H° of derived tensor product.

6.1. The transported t-structure. Let T'— X be proper and of finite presentation, and
put Pr = D5 (T3"). By Theorem 5.5, ar : Dpe(T) — Pr is an equivalence. We equip Pr
with the ¢-structure transported from the standard coherent ¢-structure on Dy,(7"). Write
73;7 for its heart and P4 for its full subcategory of objects bounded on both sides.

Lemma 6.1. Let V = Spa(R,R") € RatAffx(X) and put Tr = T xx Spec R. Under
rational restriction Pr — DEC(TQH), the transported t-structure restricts to the t-structure
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transported from Dye(Tr) through the equivalence ap® : Dpo(Tg) = D5.(TE™) of Proposi-

tion 4.14. The restriction functors for rational localizations are t-exact.
Proof. Put Mg = L(Tr — T)*M. Rational base change gives
pvarp(M) ~ o™ (Mpg).

R
The base ring maps are flat by Lemma 2.4. Thus M — Mpg is t-exact, giving the stated
compatibility of transported structures. A rational localization R — R’ is also flat, so the
same argument proves t-exactness of the restriction functors. O

6.2. Bounded and coherent comparison. We begin with open descent for ordinary
derived categories. Finite covers provide the uniform bounds needed to compare their
bounded coherent parts with the solid categories.

Lemma 6.2. Let (Z,0%) be a ringed space, let (Z;);er be an open cover, and fix an integer
a. If Z; =Zi,N---NZ;,, then restriction induces an equivalence of co-categories
D>*(0z) = lim [ DOz

mea i)
(20,5 sin ) €T

0°"*in

Thus uniformly left-bounded complexes and their mapping spectra satisfy effective open
descent.

Proof. Let HOyz be the Eilenberg-MacLane sheaf of rings. Sheaves of spectra satisfy open
descent, and forming modules commutes with limits. Hence

MOdH@Z (ShV(Z, Sp))

is computed by the module categories on the Cech nerve. Its standard ¢-structure is local,
so the same is true with a fixed cohomological lower bound a.

For this 1-localic topos and discrete sheaf of rings, [Lurll, Proposition 2.1.8] identifies
the left-bounded derived category of Oz-modules with the left-bounded objects of the
module-spectrum category. Translating its homological indexing to our convention and
restricting to degrees > a gives the formula. The equivalence also identifies the mapping
spectra inherited from the ambient stable categories; see [Lurl7, Section 4.8.5]. U

Lemma 6.3. Let p: Z — S be a quasi-compact and quasi-separated morphism of locally
noetherian adic spaces, assume that S is quasiseparated, and let S = Vi U--- UV, be a finite
cover by quasicompact open subsets. Write

Vigin = Vig N0V,
Zig.iin = £ X5 Vig i -
Then restriction induces an equivalence
D}y, (Z) = lim Dot (Zioin)-
[nleA

(iOw-'»in)

The same statement holds for the full subcategories of complexes with cohomological amplitude
in a fized interval [a,b].

Proof. Fix [a,b]. By Lemma 6.2, complexes in degrees > a and their maps descend. For
the descended complex, vanishing above b and coherence of its cohomology can both be
checked on the covering opens. This proves descent with fixed amplitude.
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For arbitrary bounded coherent descent data, choose one interval [a,b] containing the
cohomology of the finitely many complexes on Z;. All higher components are restrictions
of these, so the same interval applies to them. The fixed-amplitude assertion then gives a
global bounded coherent complex. Choosing a common lower bound for two such complexes
and using mapping descent proves full faithfulness. U

Lemma 6.4. Let S be a quasicompact quasiseparated space, and let B be a basis of
quasicompact opens such that every finite intersection of members of B admits a finite
cover by members of B. Let F be a presheaf of co-categories on the quasicompact opens of
S that satisfies finite Cech descent, including descent of mapping spaces. Then restriction
mduces an equivalence

f(S) L> CartVEB f(V)

Proof. Let j : B < Op,.(S) be the inclusion. For a presheaf G on B, its right Kan extension
is

G:9)U) = Jlm _ G(V),
with the restriction maps in the diagram.

Every quasi-compact open admits a finite basis cover, and every finite intersection in
such a cover admits a finite basis refinement. Finite Cech descent therefore computes JF(U)
and (j.j*F)(U) from the same local data. Their mapping spaces are computed in the same
way. A common refinement compares two choices, giving a natural equivalence

FU) = (33" F)(U).
Evaluate at S. The limit on the right is exactly the category of cartesian sections in the
statement. U

Lemma 6.5. Let p: Z — S be a quasi-compact and quasi-separated morphism of locally
noetherian adic spaces, with S quasicompact and quasiseparated, and let B be a rational-
affinoid basis of S. For' V € B, put Zyy = Z xg V. Restriction induces an equivalence

DY .(Z) — Cartyes(Dly,(Zv)).

coh coh

Proof. Choose a finite basis cover S = (J;Vi. For a cartesian section (Ky ), choose an
interval [a, b] containing the cohomology of all Ky,. For any other V' € B, choose a finite
rational refinement

V= JW,

with W;, C V NV,. Cartesianness identifies Ky and Ky, after restriction to W;,. Thus Ky
also has amplitude in [a, b].
The categories Fi, 4 (U) = Db, (Z)*¥ satisfy finite descent by Lemma 6.3. Lemma 6.4
therefore descends the given section to an object of D, (Z). Every global bounded coherent
complex gives such a section, and the mapping-space part of the same descent proves full

faithfulness. O

Proposition 6.6. Let Z be a quasicompact quasiseparated locally strongly mnoetherian
analytic adic space. Let DEC(ZD) denote the full subcategory of Co(Z°) whose restric-
tion to every strongly noetherian affinoid open W = Spa(A, A™) belongs to the image of
Dpc(A) — Dn(A, AT). Flat rational localization gives this category a chartwise t-structure.
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Condensification induces a canonical exact symmetric monoidal equivalence on hearts and a
canonical exact equivalence on bounded objects

Coh(Z2) == DEC(ZD)BN
Dlon(Z) = Dy (Z7)2..

coh

These equivalences commute with restriction to analytic affinoid opens.

Proof. First let W = Spa(A, A1) be strongly noetherian affinoid. The finite-module theorem
gives
Mody,(A) =~ Coh(W)
and coherent acyclicity [Zav25, Theorem 4.2]. Let Dg,(A) denote bounded complexes with
finite cohomology. Since A is noetherian, this is the bounded derived category of finite
modules, viewed inside D(A).
Derived sheafification and sections give an adjunction

(=)™ : Diy(A) = Doy (W) : RT(W, —).
For K € D’ (W), the hypercohomology spectral sequence degenerates by coherent acyclic-
ity:
HP(W,HY(K)) = HPTMRI'(W, K).
Hence
HRI'(W,K) =T(W,HY(K)).

The last module is finite. On degree-q cohomology, the counit is the finite-module isomor-
phism

P

(W, He(K)) = HUK).
Thus the counit is an equivalence. The unit is an equivalence by the same calculation,
prOVing Dgoh(W) = lejg(A)

Condensification identifies D,.(A) with the nuclear and pseudocompact subcategory
[And21, Theorem 5.9, Proposition 5.22, and Theorem 5.50] [LH26, A.15]. Its heart is the
image of finite modules and its bounded part is the image of D?g(A). This proves both
assertions on W.

These equivalences commute with rational restriction [And21, Lemma 5.10]. Flatness
makes the local truncation triangles compatible as well, so they descend to the chartwise
t-structure. Apply Lemma 6.5 on the ordinary side and Proposition B.1, together with
[And21, Theorems 5.3 and 5.44], on the solid side. A finite cover gives a common interval
for bounded objects. Taking the limits gives the required equivalences, with exactness and
the tensor structure on hearts inherited from the affinoid calculations. U

Proposition 6.7. Let V = Spa(R, RT) be a strongly noetherian complete Tate affinoid, and
let T be a proper finitely presented R-scheme. Through Proposition 4.10, regard DEC(TAH)

as the chartwise pseudocoherent subcategory on (T*YV)Y. The t-structure transported from
D,o(T') by Proposition 4.14 agrees with the chartwise t-structure. Consequently there are
canonical exact equivalences, the first symmetric monoidal,

Biy : DE(TA™)Y = Coh(T*VV),
ﬁ%v . DD (TAn)b . Db (Tad/V>.

pc coh
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For F € Coh(T) and M € D%, (T),
B%V(a?n}") = Cifr/v]:»
B%V(Q%HM) ~ LC*T/VM.
In particular, ordinary analytification induces equivalences
Coh(T) = Coh(T*/V),
DY, (T) = Db, (T*/V).

coh coh

Proof. Choose the fpqc family of Lemma 4.13, with W; = Spa(B;, B;") lying above U; =
Spec A;. Proposition 4.10 gives

ap™(M)|yo ~ Condp, (B; ®% RI(U;, M)).
Flatness of A; — B; implies
H?(B; ®% RT(U;, M)) ~ B; @4, L(U;, H (M)).

The family is faithfully flat, so these modules detect the vanishing of H’(M). Thus the
transported and chartwise degree conditions agree. Finiteness of the family gives a common
interval for bounded objects.

Proposition 6.6 now supplies 5;2’ v and 5%‘,. The displayed scalar-extension formula iden-
tifies their composites with ordinary pullback cZ. v and derived pullback Lc}, v Exactness
and the tensor comparison on hearts hold on each affinoid and hence globally. Composing
with Proposition 4.14 gives the final two equivalences. 0

Lemma 6.8. Let u: V' = Spa(R', R") — V = Spa(R, R") be a rational localization. The
functors 6;27‘, and Bibpy of Proposition 6.7 commute naturally with restriction to V'. For
composable rational localizations, these equivalences satisfy the identity, composition, and
higher associativity coherences.

Proof. On an affinoid chart, each (3 is condensification followed by ordinary sheafification.
Proposition 4.10 and scalar-extension compatibility identify both routes through V' C V
with the same iterated tensor product. Its associativity maps give the natural equivalence
and its higher composition homotopies. By the formulas in Proposition 6.7, these are the
usual restriction maps for ¢* and Lc*. 0

Proposition 6.9. For proper T' — X, the local comparisons glue to a canonical exact
symmetric monoidal equivalence on hearts and a canonical exact equivalence on bounded
coherent complexes

Bz + Py = Coh(T3),

ﬁg" : ,Pé)" ;> Dioh(T/aYd)‘

For F € Coh(T) and M € Db, (T) they satisfy
By (apF) ~ ¢ F,
B (arM) ~ Le M.

Proof. Lemma 6.8 makes the local 87y compatible with rational restriction. We identify
the hearts and bounded parts in the resulting descent diagrams.
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Take C' € Pr with algebraic preimage M € D,.(T"). The condition that C' lies in the
transported heart is H/ (M) = 0 for j # 0. It can be tested after the faithfully flat base
change

TXXHSpeCRi — T

of Lemma 2.7. There it says exactly that the restrictions lie in the local transported hearts.
Thus 73;? is their limit. Coherent sheaves satisfy rational descent, so taking the limit of 67? v
gives (7.

For bounded data, choose an interval [a, b] containing the bounds on this finite family.
The rational-refinement argument of Lemma 6.5 gives the same interval on every chart. The
algebraic preimage has cohomology only in [a, b] after the fpqc pullback, and hence before
it. Therefore P2 is the limit of the local bounded subcategories. On the ordinary side,

DY (T%") ~ Cartyeratafx (¥) Dgoh(Tfazd/V)

coh

by Lemma 6.5. Taking the limit of 55},7‘/ proves the bounded equivalence.

On affinoids the composites with ap are the formulas for ¢} and L¢j. They agree
under restriction and therefore give the stated identifications. The local t-structures give
exactness, and the ordinary tensor products on coherent hearts give the symmetric monoidal
structure. U

Corollary 6.10. For proper T' — X, ordinary analytification induces an exact symmetric
monotdal equivalence

¢+ Coh(T) == Coh(T%%)
and an exact equivalence of stable categories

Lc; - Db (T) == Db, (T3).

coh coh

It also induces equivalences on perfect complexes and vector bundles.

Proof. Compose the equivalence ar with Proposition 6.9. Its formulas identify the result
with ¢ and Lc}, proving the first two assertions. Vector bundles are the dualizable objects
in the coherent tensor category, so their comparison follows as well.

Derived pullback preserves perfect complexes. For the converse, first work over a base
affinoid and take M € D (Tr) whose analytification is perfect. A finite affinoid cover
of the proper space Tla%d/ v gives a common Tor-amplitude [a, b]. For every N € Coh(Tg),
flatness gives

oy H (M @Y N) ~ H(Lcg, M @ ¢y N) =0
for j ¢ [a,b]. Each algebraic cohomology sheaf here is coherent, as one sees from a bounded-
above finite-free resolution. Coherent GAGA therefore gives H?(M @ N) = 0 in the same
degrees.

Let U = Spec A C T and let () be a finite A-module. Extend @ to a coherent sheaf N
on Tg [Stacks, Tag 0G41]. Restricting the preceding vanishing gives

H(RI(U,M|y) % Q) =0

for j ¢ [a,b]. Every A-module is the filtered union of its finite submodules. Derived tensor
product preserves these colimits, and filtered colimits are exact. Hence the same vanishing
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holds for every A-module. This gives finite Tor-amplitude. Since M is pseudocoherent, it is
perfect [Stacks, Tag 0658].

For the global assertion, pull back along the finite fpqc family on X. If the analytification
is perfect, the preceding argument makes every algebraic pullback perfect. Perfectness
descends fpqc, so the original complex is perfect. The bounded equivalence therefore restricts
to an equivalence on perfect complexes. 0

6.3. Ordinary proper pushforward. The comparison for direct images is local on the
adic base. We use ordinary open base change to reduce it to the affinoid GAGA equivalence.

Lemma 6.11. Let
7 15 7z

v |

ViV
be a cartesian square of ringed spaces in which j is an open immersion. Then the canonical
morphism j*Rh, — Rh. 7™ is an equivalence on derived categories of modules.

Proof. Extension by zero along an open immersion is exact and left adjoint to restriction.
The cartesian square gives Lh*j ~ j/L(h')*, as can be checked on opens. Thus

Mapy. (B, j*Rh.A) ~ Mapy, (ji B, Rh.A)
~ Map,(Lh*j B, A)
~ Map(jiL(h')"B, A)
~ Map,(L(h")*B, 7™ A)
~ Mapy. (B, Rh.j™A).
These adjunctions identify the map with the canonical base-change mate. Yoneda proves

the lemma. ]

Proposition 6.12. Let V = Spa(R, R") be a strongly noetherian complete Tate affinoid,
let h : Z — Spec R be proper and of finite presentation, and let h*d : Z24/V' — V' be its

relative Huber analytification. For every M € D%, (Z), the canonical comparison morphism

L¢y Rh. M — Rh2'Ley, M

is an equivalence. In particular, its target belongs to D2, (V). The construction is functorial
i M and compatible with rational localization of V', including the higher composition
coherences.

Proof. Analytify the algebraic counit to obtain
L(h*")*Ley Rh, M ~ Ley,y Lh*Rh, M — Lcy M.

Its adjoint is the comparison map.
For a rational V' = Spa(R/, R"") C V, put Zg = Z xgSpec R’ and Mp = M @% R'. Flat
base change, affinoid acyclicity, and Lemma 6.11 identify the map on sections over V' with

RI(Zp, M) — RO(Z2Y L Mp)).
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Bounded coherent GAGA over R’ (Proposition 6.7) identifies the two sides as
Le* "
MapZR, (O, MR/) L) MapZad/V/ (O, Lc MR/).
R/

This is the canonical map just constructed: under adjunction, both maps come from
analytifying

LhE/R(hR/)*MR/ — MR/.
It is therefore an equivalence on sections over every rational V.

Let @ be its cofiber and choose a with M € D=%(Z). Flat analytification and left
t-exactness of direct image give Q € D=*"1(V). Lemma 6.2 identifies it with a left-bounded
sheaf of module spectra. Its values on the rational basis are RI'(V', Q|y+) = 0, so @ = 0.
The source of the comparison is bounded coherent by proper coherence and flat pullback.
Hence its target is bounded coherent as well.

Successive restrictions pull back the same counit. Naturality of mates and the associativity
maps for flat and open base change give the stated compatibilities. [l

Proposition 6.13. Let f : Y — X be proper and of finite presentation. For T = X,
Proposition 3.5 identifies X5 with X and cx with \. For every M € DY, (Y), the canonical
morphism

L RfAM — Rf™Ley M

is an equivalence in Db, (X).

Proof. Define the comparison as the adjoint of
L(f*Y*' L RfM ~ Ly LR f.M — Le; M.

For V = Spa(R, R") C A™Y(W), with W = Spec A4, set Yz = Y xyx Spec R and My =
L(Yr — Y)*M. The map A — R is flat. Flat base change, Proposition 6.12, and open base
change give

(LexRfM)|y =~ LeyR(fr)« Mg
~ R( }a%d)*chkfR/VMR
~ (RFLe; M)y

Each map comes from the restricted counit. Thus this is the restriction of the canonical
global comparison.

On a finite rational-affinoid cover of X', these comparisons are equivalences and their
targets are bounded coherent. Taking the minimum lower bound and maximum upper
bound gives a common interval. Coherence and cohomological vanishing are local, so the
global target lies in D%, (X). The cofiber of the global comparison vanishes on the cover,
hence vanishes. This proves the proposition. O

6.4. Classical GAGA.

Theorem 6.14. Let f : Y — X be proper, and let cy : Y3 — Y be its ordinary
relative Huber analytification. The stable equivalence of Theorem 5.5 equips DEC(Y/{,A“) with
the coherent t-structure transported from Dy.(Y'). There is a canonical exact symmetric
monotdal equivalence

Dpe(Y™)? = Coh(Y?),
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and a canonical exact equivalence of stable categories
0 (v An d
Dpc(YX ) Dcoh(Y; )7

under which the restriction of ay to coherent sheaves and bounded coherent complexes
identifies with ¢y, and Lcs,, respectively. Consequently analytification induces equivalences

Coh(Y) —= Coh(Y24),

coh(Y) coh(Yad)
Perf(Y) —= Perf(Y29),
Vect(Y) — Vect(Y24).

For every F € Coh(Y) and every i > 0, the canonical ordinary adic comparison maps are
1somorphisms

(RLF) = R fAF),
H(Y, F) = H(Y2d, 7).
Proof. Proposition 6.9 identifies the coherent heart and bounded part, and Corollary 6.10
gives the four equivalences. Apply Proposition 6.13 to F|[0] and take cohomology sheaves to
obtain the direct-image comparison.
By Lemma 5.4 and its cohomological-dimension bound, R f,F is bounded coherent. The
base comparison [KL19, Theorem 4.7.5] therefore gives
RI'Y, F) ~ RI'(X,Rf.F)
~ R4 (X, (RfF)™)
~ R, (X, R4 F)
~ R, q (Y3, F24).

Taking cohomology proves the last assertion. O

APPENDIX A. CONDENSED MATHEMATICS AND ANALYTIC STACKS

We recall the coefficient categories used in the paper, following [CS26, Sch26a, And21,
LH26]. All complexes are cohomologically indexed; in particular, a connective complex has
cohomology in degrees < (. For related solid coefficient theories on relative Fargues—Fontaine
curves, see [ALM26, AB+26].

A.1. Condensed sets and modules. A condensed set is a sheaf on profinite sets for finite
jointly surjective families of continuous maps. The same definition gives condensed abelian
groups, rings, and modules. For a Hausdorff topological space T', define

7(S) = Cont(S, T).

This construction is fully faithful on compactly generated Hausdorff spaces [Sch26a, Lec-
ture I]. For example, if B is a topological ring, then B(S) consists of continuous maps, while
Baisc(S) consists of locally constant maps with finite image.

A profinite set S is extremally disconnected if the closure of every open subset is open.
Every profinite set is a continuous quotient of one of these. For a condensed ring A, the
free modules A[S] on extremally disconnected sets satisfy

Hom(A[S], M) = M(S).
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They form compact projective generators of the abelian module category [And21, Section 2].
For an ordinary ring B, passage to discrete condensed modules gives a fully faithful
functor

D(B> — Dcond(B) = D(MOd%ﬁi)
We use the category on the right when comparing analytic completeness conditions.

A.2. Derived operations and solid modules. Derived categories are regarded as stable
oo-categories. Their mapping spectra retain the homotopies used in gluing diagrams and
module structures. Finite limits and finite colimits agree, and a presentable stable category
admits all small colimits. Tensor products are derived unless stated otherwise [Lurl7,
Sections 1.1 and 4.2].

An object P is compact if Map(P, —) preserves filtered colimits. It is dualizable if it
has evaluation and coevaluation maps satisfying the duality identities. In that case, with
PY = RHom(P,1), we have

RHom(P, N) ~ P ® N.

In the derived category of an ordinary ring, the compact objects and the dualizable objects
are both the perfect complexes. For the analytic categories below, we check compactness
using their measure generators and dualizability using the tensor product.

Write a profinite set as S = lim; .S;, with each S; finite, and put

ZP[S] = lim Z[S)).
A condensed abelian group M is solid if restriction gives a bijection
Hom(Z"[S], M) = Hom(Z[S], M)

for every profinite S. The definition is independent of the chosen presentation. The inclusion
of solid abelian groups has a left adjoint, called solidification. The derived solid tensor
product is obtained by solidifying the condensed derived tensor product [Sch26a, Lecture II].

A.3. Analytic rings and complete modules. An analytic ring A = (A, M) consists of
an animated condensed commutative ring A, connective measure modules M[S], and Dirac
maps
A[S] — M]S].
Here S runs over extremally disconnected profinite sets, and the measure functor takes
finite disjoint unions to finite products. Animation allows the derived algebraic operations
used in base change, including higher Tor groups [Sch26a, Sections 11-12].
An A-complex N is A-complete if

R Hom.; (M[S], N) = R Hom(A[S], N) = N(S)

for every such S. The analyticity axiom requires completeness for the connective objects
generated by the measure modules under sifted colimits. In the nonanimated case, it
can be tested on bounded-above complexes of direct sums of measure modules [And21,
Definitions 2.5 and 2.14]. We also use the Frobenius-compatibility condition for animated
commutative rings from [Sch26a, Definition 12.10].

The complete objects form a full presentable stable subcategory D(.A) of condensed A-
complexes. Its inclusion has a left adjoint, analytic completion, and its tensor product is the
completed derived tensor product. The measure modules are compact projective generators
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in the connective category and compact generators after stabilization. For a complete
analytic ring, A ~ M|[x|, so the unit is compact [Sch26a, Proposition 12.4, Remark 12.5,
and Definition 12.9].

For a map A — B, pullback is scalar extension followed by analytic completion. It is
exact, strong symmetric monoidal, and preserves colimits. Restriction of scalars is its right
adjoint.

Suppose that a connective animated A-algebra B is already A-complete. Its induced
analytic structure satisfies

D(B) ~ Modg (D(A)).

Thus a B-module is complete exactly when its underlying A-module is complete. The
underlying ring and the reflector onto complete connective modules determine a complete
analytic ring [Sch26a, Propositions 12.8 and 12.20]. We use this description to identify
analytic-ring pushouts in Appendix B.

A.4. Huber pairs and relative condensification. A Huber ring has an open ring of
definition with a finitely generated ideal of definition. It is Tate if it contains a topologically
nilpotent unit. A Huber pair (R, R") specifies an open integrally closed subring of power-
bounded elements. Strong noetherianity means that every Tate algebra R(T},...,T,) is
noetherian.

A complete Tate Huber pair gives an analytic ring (R, RY)" over Z° [And21, Theo-
rem 3.28]. We write

Do(R, RY) = D((R, R*)").
For M € D(R), define relative condensification by
Condg(M) = R®%, M.

This condensed tensor product is already complete. The functor is fully faithful, exact,
strong symmetric monoidal, and preserves colimits [And21, Theorem 5.9 and Lemma 5.10].
Objects in its essential image are called relatively discrete. For example, the topological
coefficient ring itself is R = Condg(R).

For a rational localization (R, R*) — (R, R'") between strongly noetherian complete
Tate pairs,

CondR(M”Spa(R/,R"F) >~ COIldR/(R/ ®E M)
Since R — R’ is flat, cohomology and truncations commute with this restriction. Lemmas B.7
and B.8 describe how the completeness condition changes with the plus ring.

A.5. Analytic affines, steady maps, and descent. The analytic affine associated to A is
denoted AnSpec A. The construction is contravariant. A morphism A — B is a localization
if restriction of scalars on complete modules is fully faithful. Steadiness is the base-change
condition on analytic completion: for a cartesian square of analytic affines

u -2y

f’l lf

y 25z
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a steady ring map defining f gives
f"Rg. = Ry.f".
Steady maps are stable under composition and base change [Sch26a, Definitions 12.13
and 12.16 and Propositions 12.14-12.15].
An analytic stack is a sheaf of spaces on analytic affines for finite jointly conservative
families of steady localizations. Rational affinoid covers used in this paper give such families.
Complete-module categories glue by

Co(Z2)=  lim _ D(A).

(AnSpec A—Z)°P

In particular, for an effective epimorphism U, — Z and its Cech nerve U,,
[nleA

Concretely, an object is a complex on each chart with pullback equivalences and compatible
homotopies on the intersections. Proposition B.1 proves this statement and its version
for modules. For a finite open cover, repeated two-open Mayer—Vietoris gives the finite
calculation used in Proposition B.6.

A.6. The algebraic, analytic, and adic realizations. Let (R, R™) be a complete Tate
pair, and let B be a finitely presented R-algebra. Write B for the integral closure of the
image of R™ in B. The algebraic realization is defined by
al AnRin,
BRg = (R7 R+)D ®(Rdisch+ )D (BdiSC7 Bchrisc)D‘

disc

By Lemma B.10,
CD((Spec B)Alg) ~ MOdCondR(B) (DD(R, R+)) .

An object on this realization is therefore a complete coefficient object with a B-action.
Direct image to the base forgets the action.

Choose generators by, ..., b, and a topologically nilpotent unit w. The analytic locus
(Spec B)A is the union of the bounded charts defined by |w"b;| < 1 for 1 <4 < m. For
B = R[T] over a strongly noetherian base, these are the discs of radii |ew|™". Lemma B.9
compares their choices and their rational base changes. Both realizations extend to separated
finitely presented schemes by Zariski gluing [LH26, A.9-A.13].

Huber analytification 7 is an adic space. Gluing

Spa(C, C") — AnSpec(C,CT)"

gives its associated analytic stack (7%4)". Over a strongly noetherian base, Proposition 4.10
identifies

TAn ~ (Tad)D
and compares their coefficient categories. For proper T', the valuative criterion also identifies

TA" with T [LH26, Theorem A.13]. This allows the boundary argument to combine
proper analytic direct image with localization on the algebraic realization.

A.7. Perfectness, pseudocoherence, and nuclearity. An ordinary complex is perfect
if it has a bounded resolution by finite projective modules. It is pseudocoherent if it has
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a bounded-above resolution of this kind. On schemes these conditions are local. For a
noetherian scheme T,

Dype(T) = Deoi (1),
and a pseudocoherent complex with finite Tor-amplitude is perfect [Stacks, Tags 064Q

and 0656].
For example, over A = k[e]/(¢*) the module k has the resolution

S ASASA—E—0.

It is pseudocoherent and has infinite projective dimension.

In the nonanimated Huber coefficient categories used here, pseudocompact objects have
bounded-above resolutions by compact projectives. The equivalent mapping criterion is
that, for every uniformly bounded-below family (N)),

P R Hom(P, N)) = R Hom (P, o, NA>
A A

[CS26, Definition 9.9).
For A = (A, M), nuclearity is the condition that

(MIS)Y @4 N) () = N(S)

for every extremally disconnected S, using derived duals and evaluation [And21, Defini-
tion 5.30]. Nuclear objects are closed under colimits. On the complete Tate affinoids in this
paper, the two finiteness conditions together give

Condg(Dye(R)) = {N € Dg(R, R") : N is nuclear and pseudocompact}

[And21, Theorem 5.50] [LH26, A.15]. On relative analytic realizations, they are tested on the
two systems of bounded charts in [LH26, A.15]. Their intersection is Df,. Proposition 4.10
describes this category through ordinary pseudocoherent complexes on Huber affinoids; flat
rational restriction lets their coherent ¢-structures glue.

APPENDIX B. CATEGORICAL AND ANALYTIC PRELIMINARIES

We collect the descent and base-change arguments used in the proof. The notation is that
of Appendix A; the analytic-ring constructions are from [Sch26a, Section 12] and [LH26,
A.1-A3].

B.1. Descent and fully faithful functors.

Proposition B.1. Let C = AnRing®® with the topology D generated by finite families
of jointly conservative steady localizations, and let Shvp(C) be the resulting co-topos of
analytic stacks. Let a : Uy — Z be an effective epimorphism in this topos, and let U, be its
Cech nerve. Then restriction is an equivalence in symmetric monoidal presentable stable
o0-categories

CD(Z) ;> lim CD(Z/{n)
[njeA
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More generally, for every small diagram (Z;);c; of analytic stacks, there is a natural
equivalence

Shvp N

il i€Iop
In particular, for every simplicial analytic stack Ve, Co(|Ve|) =~ limpyea Co(V,). Colimits in
each category on the right are computed degreewise. For every A € CAlg(Cn(Z2)), restriction
also gives an equivalence

ModA(Co(Z2)) — [I%mA Modyy, (Co(Uy)).
nje

This applies to the simplicial gluing diagrams defining algebraic realizations [LH26, Theo-
rem A.13].

Proof. Let Dqy be the affine complete-module functor
C? — CAlg(Prk),
AnSpec(A, M) — D(A, M).

It satisfies descent for the generating covers [LH26, A.2] [Sch26a, Proposition 12.18]. Extend
it to presheaves by

D(F) = (U%Fl)ler?C/F)OP Do(U).
This right Kan extension carries presheaf colimits to limits, since the presheaf category is
the free cocompletion of C [Sch26b, Proposition 5.16].

Write L for sheafification. Affine descent implies that D inverts covering-sieve inclusions.
These generate the sheafification equivalences as a strongly saturated class [Lur09, Sec-
tion 6.2.2]. The maps inverted by D are closed under two-out-of-three and retracts, and
under pushouts and transfinite compositions because these become pullbacks and inverse
limits of equivalences. Thus D factors through L, giving the stack-level functor Co. We

obtain
Shv __/ PSh
Ch (colim ZZ) ~ D (colim Zi)

ielop i€lopP
For completeness, consider a generating cover (U; — U) and its generated sieve S. The
map to the representable factors as

Hy(Uz) — S — y(U).

The first map is an effective epimorphism: S is the (—1)-truncated image of the coproduct
map [Lur09, Lemma 6.2.3.18]. Sheafification is left exact and preserves colimits, hence
preserves the Cech nerve and its realization. Also LS ~ Ly(U) because S is covering.
Therefore

L[Ly(U» — Ly(U)

is an effective epimorphism [Lur09, Lemma 6.2.3.19]. For a cover by open substacks, the
image of the coproduct is their union. Its equality with the target gives the same conclusion.
These statements persist after base change.
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For the effective epimorphism a in the proposition, we have [U,| ~ Z [Lur09, Corol-
lary 6.2.3.5]. Applying the colimit formula proves the Cech assertion. Applied to any
simplicial diagram, the same formula proves the geometric-realization assertion.

Finally, pullbacks preserve colimits. Componentwise colimits of cartesian sections therefore
retain their pullback equivalences, which computes colimits in the limit category. Commu-
tative algebra objects and modules over a cartesian algebra are also formed componentwise
[Lurl7, Sections 3.2.2 and 4.2.3]. This gives the module equivalence. O

Lemma B.2. Let C* and D* be cosimplicial diagrams of oco-categories and let F* : C® —»
D* be a morphism of diagrams. It induces a functor on limits. If every F™ is fully
faithful, respectively an equivalence, then the induced functor is fully faithful, respectively an
equivalence. If every F™ is fully faithful, a cartesian section of D* lies in the essential image
whenever each of its components lies in the essential image of F™. Natural transformations
descend to limits. If the diagrams are presentable, the transition functors preserve colimits,
and colimits in the limits are computed degreecwise, then degreewise colimit preservation
descends as well.

In addition, if F : C — D is fully faithful and I is any small co-category, then
Fun(/,C) — Fun(I,D) is fully faithful, with essential image the diagrams whose val-
ues lie in the essential image of F.

Proof. For z = (z,) and y = (y,) in the source limit,
MaplimC' ('Tay) ~ lim MapC” ($n7yn)-
[nleA

If every F™ is fully faithful, the maps between the terms are equivalences, so the induced
map on limits is an equivalence. Degreewise equivalences likewise give an equivalence of the
limit categories.

Let £" be the full essential image of F". Naturality makes (€") a full cosimplicial
subdiagram of (D"), and

limC® ~ lim £°.
A cartesian section with values in £" has all its maps and coherence data in that full
subdiagram. It therefore lifts to the source. Natural transformations and, under the stated

hypotheses, colimits are computed componentwise.
For the last assertion, write & C D for the full essential image of F'. Then

Fun(I,C) ~ Fun(/,€) C Fun(/, D).
The last inclusion is full. A diagram factors through it precisely when its values lie in £.

Lemma B.3. Let F' : C — D be a fully faithful strong symmetric monoidal functor
between presentable symmetric monoidal stable co-categories, and let A € CAlg(C). Then
Mod 4(C) — Modpa)(D) is fully faithful. Its essential image consists exactly of the modules
whose underlying object lies in the essential image of F'.

Proof. Suppose that an F'(A)-module N has underlying object F'(M). Its action is a map
F(A)®@ F(M) — F(M). Since F is fully faithful and strong symmetric monoidal,

Mape(A ® M, M) ~ Mapp(F(A) @ F(M), F(M)).
The action therefore lifts to p: A®@ M — M.
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Associativity is a specified homotopy between p o (m4 ® idys) and po (idg ®u). Both
maps lie in Map,(A® A® M, M), so full faithfulness lifts the homotopy. The unit homotopy
lifts in the same way.

For every r > 0, we also have

Map,(A®" @ M, M) ~ Mapp(F(A)®" @ F(M), F(M)).

These equivalences respect composition and insertion of units. Thus they identify the
operation spaces for the two-colored module operad LM® with A fixed, and lift all the
higher module relations [Lurl7, Sections 2.2.1 and 4.2.1]. We have obtained an A-module
whose image is V.

Replacing the target M in these operation spaces by M’ gives the same comparison for
module maps and their homotopies. This proves full faithfulness. Conversely, a module
in the image has its underlying object in the image of F', proving the essential-image
assertion. U

Lemma B.4. Let C* and D°* be cosimplicial diagrams of presentable stable co-categories,
and let F* : C* — D* be a morphism of diagrams. Suppose that every F™ admits a right
adjoint G™ and that every square determined by a morphism of A is right-adjointable. Then
the right-adjoint mates equip the G™ with a coherent natural transformation D* — C®,
indexed by the same category A, and the induced functor F' : limpea C* — limpea D"
admits the degreewise right adjoint G : limj,jea D™ — limpea C".

Proof. Let 6 : [m] — [n], and write ¢y and dy for the transition functors. If ™ and " are
the unit and counit of F™ 4 G™, the mate is

By : coG™ s GUETcyG™
~ G PG S G,
Right-adjointability says that [y is an equivalence.
For a cartesian section y = (y,,), use the maps
coG"Ym, o, G"dgyr, — G™yy,.

For composable restrictions, the two formulas agree by the triangle identities: the interme-
diate unit and counit cancel. Naturality carries the higher homotopies as well. Thus (G"y,,)
is a cartesian section, functorially in .

The local adjunctions commute with these structure maps. Taking their limit gives

MaplimD' (F.f?y) = [I%HIA Map’D" (anna yn)
nle
Jim Mape (0, G"Yn)
= MaplimC' ([B, Gy),

which proves the adjunction. 0

B.2. Finite open-cover descent. For a two-open cover, descent gives a homotopy pullback
of categories. We use the resulting formula for mapping spectra.

Lemma B.5. Let Z = U UV be an open cover by analytic substacks for which solid
quasicoherent complexes satisfy descent. For K,L € Cn(Z2), there is a natural cartesian
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square of spectra
Mapz(K,L) —— Mapy, (K |y, L)

l l

Mapy,(K|y, L|y) —— Mapyqy (K|unv, Lluay)-

Equivalently, the first term is the fiber of the difference of the two restriction maps from the
direct sum of the middle terms to the last term.

Proof. The coproduct U 11V — Z is an effective epimorphism by Proposition B.1, since its
image is the union of the two opens. In the sheaf topos,

zgu]_[v.

To check this, pull the pushout back to each covering open. The result is that open itself,
and the cover detects equivalences.
Proposition B.1 now gives

CD<Z) ~ CD(Z/[) XCD(MQV) CD(V)

A map from K to L is a pair of local maps together with a homotopy between their
restrictions to the intersection. The mapping space is therefore the corresponding homotopy
pullback. Applying this to shifts gives the asserted square of spectra. In spectra, the
pullback of A — C' < B is the fiber of the difference map A ® B — C', which proves the
last assertion. 0

Proposition B.6. Let Z be an analytic stack with a finite open cover Z = \J,_, U;. For
every nonempty subset I C {1,...,r}, put Uy = (\;c; Ui. Assume that every Uy is empty or
a finite disjoint union of analytic affines AnSpec(R, R*)Y attached to complete Huber pairs.
Then:

(i) RI(Z, —) commutes with filtered colimits;

(ii) if K € Co(Z) restricts to a compact object of Co(Uy) for every nonempty I, then K
is compact in Co(Z2).

Proof. On AnSpec(R, RT)Y, global sections are maps from the analytic unit. The unit is
the measure module of the one-point profinite set and is compact [And21, Theorem 3.28
and Proposition 2.11]. Hence global sections preserve filtered colimits. The same holds on a
finite disjoint union, where both the category and global sections are finite products. The
empty intersection contributes zero.

Induct on r. The case r = 1 follows from this calculation. For » > 1, put

z'=Ju,
i<r
W= ZzZ'nu, = Ju;nit,).
i<r
The covers of Z’ and W have at most r — 1 members. Their multiple intersections are

respectively U; and Ujyg,y, so the induction hypotheses apply.
By Lemma B.5, global sections on Z are the fiber of

RI(Z',L|z) & RIO(U,, LIy, ) — RTOW, L}w).
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The three functors preserve filtered colimits by induction, as do the restrictions. Filtered
colimits of spectra preserve fibers, proving (i).

For (ii), induction makes K|z and K|y, compact, while K|y, is compact by assumption.
Apply the same fiber calculation to Map(K, —). Each local mapping functor preserves
filtered colimits, so their fiber does as well. Thus K is compact. 0]

B.3. Integral structures and bounded charts. Fix a complete Tate Huber pair (R, R™).
For a finitely presented R-algebra B, let BT be the integral closure of the image of R* in
B. By [LH26, A.9], its algebraic realization is defined by
al AnRin
BRg = <R7 R+)D ®(Rdimi+ )D (BdiSC7 B;;sc)m‘

disc

Thus (Spec B)*& = AnSpec B;lg. Its analytic locus is the union of the bounded charts
associated to a pseudo-uniformizer and algebra generators. For separated finitely presented
schemes, both constructions are defined by Zariski gluing; they agree for proper schemes

[LH26, A.9-A.13)].

Lemma B.7. Let R — B be a ring map, let R™ C R be an integrally closed subring, and
let BT be the integral closure of the image of R™ in B. Put

RO = (Rdism Rchrisc)D7
BO = (BdiSC7 B(:l";sc)m'

The discrete condensed ring B is Rg-complete. The analytic ring induced from Rqy along
R — B is therefore already complete and is canonically equivalent to By. Consequently
restriction of scalars gives a canonical symmetric monoidal equivalence

D(B,) <= Mods(D(Ry)).

Under the forgetful functors to Deona(B), both sides are the full subcategory of condensed
B-complexes whose underlying condensed R-complex is Ro-complete. The construction is
functorial in maps of such integral pairs.

Proof. Let N € Deona(B), and factor the map on integral subrings as
Rt - C* :=im(R" — B) — B".

Both arrows are integral. The restriction criterion [And21, Proposition 3.21] and integral
invariance [And21, Proposition 3.22] give

N is By-complete <= N|pg+ is (B )"-complete

disc

< N|g+ is (C};

disc
< N|g+ is (R,

disc

<= N|y is Ro-complete.

)P-complete

)P-complete

In particular, apply this to N = B[0]. The discrete Huber pair (B, B) has complete unit
[And21, Lemma 3.24]. Thus B is already Ro-complete.
The induced analytic structure B;,q on B therefore has complete unit and
D(Bina) =~ Modg (D(Ry))

by [Sch26a, Proposition 12.8] and [LH26, Lemma A.1 and A.3|. Its complete objects are
precisely the condensed B-complexes whose underlying R-complex is Ry-complete. The
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calculation above identifies these with the By-complete objects. Since both complete analytic
rings have underlying ring B, [Sch26a, Proposition 12.20] gives

Bind ~ BO .

This proves the module equivalence.

The analytic structure is recovered from the reflector onto its complete connective modules.
Such a reflector is unique up to contractible choice. For a map of integral pairs, the two
composites induce the same ring map and restriction functor, so this uniqueness identifies
them. It also gives compatibility for longer chains and proves the stated functoriality. [

Lemma B.8. Let (R,R*) — (R, R'") be a rational localization of strongly noetherian
complete Tate Huber pairs, let B be a finitely presented R-algebra, and put B' = B @z R'.
Let BT be the integral closure of the image of R™ in B, and let B'" be the integral closure
of the image of R in B’'. Then there is a canonical equivalence of complete analytic rings
with discrete underlying condensed rings
( élisc7 Rii—;_sc)m ®Anf_{ing + O (BdiSC? Bg_isc)lj = (Bélism Béi—;c>D

(Rd‘SC’Rdisc)
For composable rational localizations, these equivalences commute with the associativity
identifications for analytic-ring pushouts.

Proof. Write Ry, By, Ry, and Bj, for the four discrete integral-pair analytic rings, and put
AnRin

The image of B in B’ is integral over the image of R'": its monic equations over R' remain
monic after base change. Thus B — B’ carries B™ into B'" and defines a comparison
P — B.

Before analytic completion, the derived underlying ring is
BdiSC ®Edisc iiisc = B(,iisc [0]

Here we use flatness of the rational localization [KL19, Lemma 2.2.6] and compatibility of
discrete condensification with derived tensor products.

By [Sch26a, Proposition 12.12], a connective condensed B’-complex is P-complete when
its restrictions to R and B are R{-complete and By-complete. The first condition implies
the second. Indeed, restriction makes an R{-complete object Ro-complete, and Lemma B.7
then makes its B-restriction By-complete. Applying the same lemma over R’ gives

N is P-complete <= N|g is Ry-complete <= N is Bj-complete.

The unit B’[0] is complete by that lemma as well. Analytic completion therefore preserves
the underlying ring, and [Sch26a, Proposition 12.20] identifies the comparison with an
equivalence.

For R — R’ — R’, associativity identifies the direct and iterated pushout constructions.
The preceding calculation gives the same underlying ring B®gz R” and the same completeness
condition over (Rj..., Rit.)". Uniqueness of the reflector identifies the two equivalences and

disc = “disc
gives the compatibility for longer chains. 0

We next compare the bounded charts under rational base change. For B = R[T], the
chart at level n is the disc |T'| < |w|™".
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Lemma B.9. Let (R,R"Y) — (R, R'™") be a rational localization of strongly noetherian
complete Tate Huber pairs. Let B be a finitely presented R-algebra, choose a topologically
nilpotent unit w € R and a finite set of R-algebra generators b = (by,...,by,), and put
B'=B®grR'. Write @' and b for the images of w and b;. Then:

(i) the algebraic analytic rings satisfy a canonical base-change equivalence

B;lg ®AnRing (R/7 R/+>EI ~ (B/)E]%/g;

(R,RH)
(ii) for every n >0, the simultaneous bounded chart defined by |w"b;| < 1 base changes
to the chart defined by || < 1, compatibly with the transition maps in n;
(iii) the increasing union of these charts is (Spec B)*", and the equivalences in (i) induce
(Spec B)A" X gpa(r,r+)Spa(R', R'T) ~ (Spec B')A". These constructions are functorial
i morphisms of affine schemes and compatible with a second rational localization.
Replacing w or b gives the same map after passage to the analytic-locus union.
Proof. Put
RO = (Rdiscv Rchrisc)Da
BO = (Bdism B:{isc)m?
and write R = (R, R*)D.. Use primes for the corresponding rings after base change. By
definition, BY® = R @5 B, [LH26, A.9]. Lemma B.8 gives

alg o, AnRing 45/ ., o/ - AnRing ! —AnRing
BR ®R R —= R ®R6 RO ®RO BO
AnRi 1
= R G By = (B3
0

This proves (i).
For the bounded chart, take the pushout

(Z[Ty, ..., Tn], Z)° —— Z[Ty, ..., T,]"

Tir—>wn bi l l

alg univ
BR B|w"b|§1'

The upper arrow imposes the integral bounds on the T;. A map from the lower right
corner to an analytic ring C is a map from B;lg for which each w™b; satisfies this universal
boundedness condition. The upper map is a steady localization, so the chart is a subobject
of AnSpec B;lg , and the factorization is unique up to contractible choice [LH26, A.9].

The upper row is independent of the base. Taking its pushout over R’ and using (i) gives

univ AnRing 4/ /\univ
lwnbl<1 OR R~ (B') |z <1-

Since @ € RT, the identity w""b; = w(w™b;) gives an inclusion of the nth chart into the
(n + 1)st. The same identity holds over R’, so the base-change maps commute with these
inclusions. This proves (ii).

The analytic locus is the union

(Spec B)A" ~ cglzién AnSpec BiEY, <,

in analytic stacks [LH26, A.11-A.15]; the diagonal N — N™ is cofinal in the system with
separate bounds for each generator. Pullback in the slice topos preserves colimits. Part (iii)
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follows by taking the union of the chart comparisons. For successive rational localizations,
the comparison maps are the associativity maps of the same iterated pushout.
We check independence of the choices. Write

Uz.n(b) = AnSpec ﬁ;ivbgl.

Every topologically nilpotent element belongs to R*: a sufficiently large power lies in the
open subring R*, and integral closedness gives the element itself. The universal bounded-
locus maps for addition and multiplication show that sums and products of bounded elements
are bounded [LH26, A.9 and the proof of Proposition A.12(2)].

Given two generating tuples, enlarge both to their union c. Express an added generator

I . v
cj = g a;,b”.
124

For fixed n, choose m > n such that wm_”h"ajy € R* for all the finitely many coefficients.
This is possible because RT is open. On U, ,(b), we have

w’e; = Z (wm_”Majy) (wm"b)”.

v

as

The universal addition and multiplication maps make the right side bounded. The bounded-
chart pushout therefore gives an inclusion

Upn(b) C Ugm(c).

Forgetting the added bounds gives U ,,(¢c) C Uy n(b). We may enlarge m monotonically
with n, so the two systems have cofinal common refinements.
For a second topologically nilpotent unit @, choose positive integers r, s such that

&
— € R,
=
- € RT.
w

Again this follows from openness of R*. The identity

~rn w” " n
w C = e (’(TJ Ci)

w

and its counterpart with the units interchanged give
Uw,n(c> C U%,rn(c)a
U;ﬁ,n(c) - Uw,sn(c).

These are morphisms of analytic stacks furnished by the same universal boundedness
construction. They compare the two unions, and the base-change maps agree on every
common refinement.

Finally, for an R-algebra map B — C, express the images of the b; as polynomials in
generators of C'. The preceding coefficient bounds make each bounded chart for C' map to
a sufficiently large one for B. Taking unions defines the map of analytic loci. Common
refinements identify different choices. Since the maps are factorizations through localization
subobjects, their spaces of choices are contractible; hence they respect composition and
rational base change with all the required coherences. O
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B.4. Comparison over a Tate affinoid. For a complete Tate Huber pair, the functor
Condg(M) = R®%,  Maise

is defined on all of D(R) and takes values in complete modules [And21, Theorem 5.9]. We
apply it to modules over an R-algebra.

Lemma B.10. Let (R, R") be a complete Tate Huber pair and let A be a finitely presented
R-algebra. Write (Spec A)Me for the algebraic realization over (R, RY) defined in [LH26,
A.9] and ¢ : (Spec A)Me — AnSpec(R, R for its structural morphism. There is a
canonical symmetric monoidal equivalence

Co((Spec A)M8) ~ Modcondp(4) (Do(R, RT)).

Under this equivalence, Rqﬁ}f is the forgetful functor. Condensification Condg : D(R) —

Do(R, RY) induces the comparison functor on modules. Consequently aﬁlg :D(A) —
Co((Spec A)A8) is fully faithful. Its essential image consists exactly of the modules whose
underlying object of Do(R, RT) belongs to the essential image of Condg.

Proof. Let AT be the integral closure of the image of R™ in A. Put
7—\)fO - (RdiSC7 R+ )Da

disc

-/40 = (AdiSCa A+ )D7

disc

and R = (R, R")Y. The definition [LH26, A.9] and the pushout formula for module
categories [LH26, Lemma A.1] give

D(A?%g) ~ D(R) ®p(re) D(Ao)
~ D(R) ®p(ry) Moda(D(Ro))
~ Modcondy(a)(Do(R, RY)).

The second equivalence is Lemma B.7. The third is scalar extension of a module category
[Lurl?7, Section 4.8.5]; the algebra A maps to the complete algebra Condg(A).

Under this description, pullback is the free-module functor and its right adjoint is the
forgetful functor. The comparison is induced by Condg, which is fully faithful, exact,
strong symmetric monoidal, and preserves colimits [And21, Theorem 5.9 and Lemma 5.10].
Lemma B.3 therefore gives full faithfulness and the essential-image criterion. 0

Proposition B.11. Let (R, R") be a complete Tate Huber pair and let S be a separated
finitely presented R-scheme. Scalar extension over the Tate base induces a fully faithful
colimit-preserving strong symmetric monoidal functor ag® : Dge(S) — Co(S™). It is
functorial in S and compatible with pullback.

Proof. Choose a finite affine Zariski cover (S,) of S. Its multiple intersections are affine.
On each intersection, Lemma B.10 gives the comparison functor, and scalar-extension
compatibility of condensification identifies its restrictions [And21, Lemma 5.10]. Tensor
associativity gives the compatibility for compositions.

Zariski descent computes Dy.(S) from the source categories. The algebraic realization is
the corresponding simplicial gluing [LH26, Theorem A.13], so Proposition B.1 computes
its coefficient category from the target categories. Taking limits and applying Lemma B.2
proves full faithfulness and preservation of colimits. The tensor comparisons descend through
the same diagram.
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A common refinement compares two choices of cover. For a morphism of schemes, refine
the source cover so that every affine maps into a target affine. Scalar extension then gives
pullback compatibility, with composition governed by tensor associativity. ([l
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